Exam Date: 25/4/2019 SYBSc/Sem-I1V/Maths-I (Revised) QP Code: 66046

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory. (ii)

Figures to the right indicate marks for respective parts.

Q.1 | Choose correct alternative in each of the following (20)
i. | The norm of the partition P={ -6, — 5.5, -5, —4.8, -3} is
(a) |05 (b) 1.8
(©) 0.2 (d) None of these
Ans | (b) 1.8
ii. |Letf:[0,1]>R isdefinedas f(x) = 1 , ifx €[0,1]NQ
=0, ow.
Then for any partition P of [0,1] ,
(a) 1
L(P,f) = Eand Urpf=1
(b) |[L(P,f)=0and UPf)=0
(¢) |L(P,f)=0and UP,f)=1
(d) | None of these
Ans | (¢)L(P,f)=0and UP,f)=1
iii. | Let fand g be functions such that the function f + g is integrable on I , then
Both f and g must be integrable on | (b) At least one of f and g must be integrable
@ | on/
f and g may or may not be (d) None of these
(©) | integrable on
Ans | f and g may or may not be integrable on [
iv. | If F:[0,1]>R is defined by F(x) = [3sin(t")dt then
(@ |F ’(x) = sin (xz) (b) F '(x) = Cos (xz)
© | F(x)=sinx (d) | None of these
Ans | F(x) = sin (x%)
v . . cox+1 .
* | The improper integral fl ——dxis
x +5
(a) | Type l and Converges (b) Type | and diverges
(c) | Type Il and Converges (d) None of these

Ans | (a) Type | and Converges
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vi.
2 '
If £:0.5] >R is defined by £(x) = 1% ™" dt.then £ "/, equals
(@ | 1 (b) 2
e e
(c) | |2 (d) 1
e e
Ans 2
® - -
vii. | Length of the curve y = 2x betweenx =0& x =11s
@ [+/5 ) |3
(c) |2 (d) 1
Ans | (a)~/5
viii. | Which of the following definite integral represents the area of region bounded by the graphs of
y= & y=x?
1 b 1
®) f (x - xz)dx ®) f (x - xz)dx
-1 0
2 d 0
© f (xz - x)dx @ f (x2 - x)dx
0 -1
Ans | (b [ ;(x - xz)dx
ix. | f(mn)=
(a) | T(m)I'(n) (b) I'(mn)
['(mn) ['(m + n)
(c) |T(m)I'(n) (d) None of these
['(m +n)
A F'(m)I'(n)
o (C) '(m+n)
X f%(sin0)5(6059)7d9.
(a) | 312! (b) 413!
6 7
© |1 (d) 1
60 120
Ans 1
(d) 139
Q2. | Attempt any ONE question from the following: (08)
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a)

Let f: [a, b]>R be a bounded function. Prove that f is R-integrable on [a, b] iff for any
€ > 0, there exists a partition P _ of [a, b] such that

U(fP.)-LfP)< E.

Ans

Proof: (=) Given f is R integrable on [a, b].
T.P.T: ¥ € > 0, 3 apartition P,of [a,b] such that, U(f,P_) - L(f,P_) <.

Let, € > 0 be any real number, as f is R integrable,
NGRS

Where, U(f) = inf {U(f, P):P is any partion of [a, b]}

And L(f) =sup {L(f, P):P is any partion of [a, b]}

= for given € > 0, 3 a partition P, of [a, b] such that,

U(f) <U(f, P,) <U) +5 (1)

Also, for given € > 0, 3 a partition P, of [a, b] such that,
€
L(f) -5 < L{f, P)) S L(f)

or ~L(f) £ -L(f,P,) < ~L(F) +3 @
from (1) and (2)
UH) - L) < U(f, P,) - L(f, P)) <U() - L(F) + €

~0< U(f,P)-L(f,P,)<e (3) (= U(f) =L(f))... 3 marks
Now taking P, =P, UP,,

~U(f,p)<U(f,P)& L(f,P)=L(f P,)(~P,SP_&P,CP)
~U(f,P)-L(f,P) < U(f,P)) - L(f,P) <€ by(3)
~U(f,P)-L(f,P)<e L 3 marks
(<) Given: V € > 0, 3 apartition P of [a,b] such that, U (f,PE) - L(f, PE) <e.

T.P.T: f is R integrable on [a, b].
ie. T.P.T: L(f) = U(f)
 V €>0, 3 apartition P of [a,b] such that, U(f,PE) - L(f, PE) <e

We know that, U(f) < U(f, P_)& L(f) = L(f,P)
20 U -L(H <U(f,P)-L(f. P) <e(= U = L(f))
S0S U -L(H<e ~UF) =L 2M

ii.

. If f is R-integrable on [a,b] and a < ¢ < b then prove that

jf=ff+jf
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Ans

Claim : f is integrable on [a, c] and [c, b]
Given f is integrable on [a, b]
forany € >0 ElapartltlonP of [a, b] such that U(f, P) L(f, P) < €
take P = P U {c}=U(f, P) < U(f,P) and L(f, P) < L(f, P)
LU, P)-L(f, P)<U(f.P)- L(f,P) < € 1M

Let P — {azxo’xl’ ...... x] c, x]+1 ...... ’xnzb}

LetP1={a=x0,x1, ------ ,xj=c}and P2 {xj=c,xj+1' ------ , X, = Db}

u(f,P)=U(f,P) + U(f,P,) and L(f,P)=L(f,P,)+L(f,P,) M
=« U(f, P) = L(f, P)=[U(f, P) - L(f, P)] + [U(f, P) - L(f, P,)]

=~ U(f,P)-L(f,P)< € and U(f,P,)-L(f,P,) < €
Hence f is integrable on [a, c] and [c, b]. M

Clairn:foz f;f+ flc)f

LHS=f2f=fffs U(f,P)< €+ L(f,P)< €+ L(f,P)+L(f,P,)< e+fflf+fff
therefore /7f < [°f + [°f M
Similarly one can show foZ f2f+ f?f IM
Hencef2f= f;f+ flc)f 1M

Q.2

Attempt any TWO questions from the following: (12)

b)

Let f be a bounded function on [a, b]. Let P and P' are two partitions of [a, b] with P € P'
. Show that U (f, P) = U (f, P")

Ans

Let P={x0, x1, ..., Xn | be a partition of [a,b]. Given P is subset of Q
Letyl,y2,....ym are extra points which are in Q but not in P.
LetPy=P U {yl}.letyl € [xj- 1,xj] .....2 marks
U(P,f) — U(Py ,D=(M; -M) )(y 1-xj- 1)+ (M; =M )(xj- y1) =0
Where M; = sup {f(x)/x € [xj.1 %] }
M’; = sup {f(x)/x € [xj.1,y1] }
M”’; = sup{f(x)/x € [yl xi] }

As M; = M’jand M; = M”j....... 3 marks

Therefore U(P,f) = U(P,,f)

Similarly , U(P.,f) > U(P,,f) = UP;,0) = ...... U(Py,,f). but P,,=Q ....1mark
UP.f) =2U(Q.f)

11.

Let f:[a, b]—>R be a monotonic increasing function. Prove that f is Riemann integrable on

[a,b]
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Ans

Claim: if f is increasing function on [a,b] then f is R integrable.
Let P={x0, x1, ..., Xn | be a partition of [a,b]
As fis increasing on [x;; xi] such that Mi=f(x; ) and mi=f(x;.;) where M;=sup{f(x)/x € [xi.
1Xi] } &m;=inf {f(x)/x € [xi.1x] }
........... 2Marks
U(P,f)—L(P,f)ZZ?= (Mi-mi(xi-xi-1) < Z?z ((fx1) = f(xi = 1) [Pl
= (f(b)-f(a)) ||P||
€

Select P such that ||P|| < o) —f@) + 1

............. 2 marks

Hence U(P,f)—L(P.,f) < m (f(b)-f(a)) <e ... 2marks

iii.

Using Riemann Criterion, show that the function f : [0, 1] —R defined by f(x) = x° is

Riemann integrable.

Ans

Forany € >0 Claim:U(P,f)- L(P,f)< €

By Archimedian property, 3 n € N such that n> 2 / c = 2/ n< € IM

Let P = {0, 1 w Ly — , 1} be a partition of [0, 1].

xk_xk—1:1/n and xkzk/n IM

Since f is increasing, hence M, = x; and m, = x; IM

UPf)- L(P.f)= Zn:Mk(xk —X) Zn:mk(xk_xk—l)

n

= Z(xlf _x1§71 )X, = x,,)

k=1

: 11 _3 1
=Y (x5 +x5.)——<Y (+)— as0<x,,x,_,<1 2M
k=1 nn o n

1 2
<2 —_xn<i<e
n’ n

=~ f is R-integrable. IM

1v.

Let f : [a, b]>R be a integrable function such that
f(x) =0,V x € [a, b]. Then prove that J £ (x) dx > 0.
Further if f, g : [a, b]>R are integrable functions such that

f(x) <g(x),Vx € [a,b] then prove that fo(x) dx < fZg (x) dx.

Ans

Let f be a bounded function on [a,b] .
Let P={x0, x1, ..., Xn ] be a partition of [a,b]
Given f(x) 20,V x € [a, b]
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Hence mi 20, fori=1,2,3...,n where m;=inf {f(x)/x € [xi.1 Xi] }
Therefore L(P,f) >0=>L(f)>0
But fo(x) dx =L(f)20 ... 3 marks
Let h(x)=g(x)-f(x) on [a,b] .
But g and fare R integrable on [a,b] hence h is R integrable on[a,b] and [ Zh(x) dx
fZg(x)dx - fo(x) dx
As h(x)20¥xE€ [a,b]=>["h(x) dx20=>  ['f(x) dx<[’g(x) dx....3 marks.

Q3.

Attempt any ONE question from the following: (08)

1. State and prove the Fundamental Theorem of Calculus.

Ans | Statement: Letf:[a,b]—R be R-integrable on [a,b] and F(x) = J zf (HdtVx € [ab]If fis
continuous on [a,b] then F is differentiable and F (x) = f(x).
Proof: Let h > 0 such that x + h € [a,b]. Then

F(x+h)-F 1
w = E[f i th f(t)dt].since f is continuous on [x,x + h] hence bounded.

1 1
Let sup(f)=M and inf(f)=m=>m < Efi+ hf(t)dt < M=13c € [x,x + h] such that Efy- hf(t)
dt = f(c(h)).since x < c(h) < x + h=>c(h) = x as h—0.hence the proof.

1. f(x)

? =/ where | is a non-zero finite number, then show that the integrals
g(x

If lim

X—>00]

I| f(x)| dx and _[| g(x)|dx either both converge or both diverge.

Ans | Choose 0 < e <l (IM)
since limM =1,
| g(x)
If ()]

thereisx;>0s.tforallx2x; - < 9G] <l+¢
lf()| <K|g(x)| K=l+eforallxzx;, (*)

1
lg(x)| < M|g(x)| M=;=forallx2x (**) (2M)
By First comp. Test and (*)

Cgce of fzolg(x)ldx implies Cgce of j| f(x)|dx
dgce of /| f(x)|dx implies dgce of /" |g(x)|dx

by (**)
Cgce of f:’lf(x)ldx implies Cgce of onLg(x)ldx

dgce of /| g(x)|dx implies dgce of J.| £(x) | dx (3M)
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Q3. | Attempt any TWO questions from the following: (12)

b) | 1-2x if0<x< '/,
Letf:[0,1]-R be defined by f(x) =

201 if p<x=1
1
And F:[0,1]—>R be defined by F(x) = fgf(t)dt then discuss the continuity of fatx = 5

1
and differentiability of x = ..

Ans | 1: Y P . .
lim f(x) = lim f(x)=0=f(3) = fis continuous.
1+ 1-

x5 x—5

1
F (1) = lim }FJF h[x2 - x]dx.
h—0 %

2 h
1
>F (E) =0.
il. dt . dzy
Ifx=/) ,y = 0.Find —.
0 1+t y dx*
Ans
dt &’
_ (Y g4
Ifx—fom Jy = O.Flnddxz.
Differentiate equation by chain rul PR
F—laa—— ﬁi = .
ifferentiate equation by chain rule ,we ge T o y
iii. | State Abel’s and Dirichlet’s Tests for the conditional convergence of type 1 improper
sinx
integral and discuss convergence of [ = ;owdx
Ans | Statements (2M)
cosx —x
Letfx)= — Px)=1-e
X
cosx 1
|—= <=
X X
. 00COS X .
By comparison Test J o 2 dxiscgt (2M)
X
B(x)=1-e " is monotonic increasing (by First deri. Test) and bounded
By Abel’s Test I is convergent. (2M)
iv.

o1
Prove that | = dx ,a>0,converges if and only if p > 1.
a,p p

Ans | P=1 dgt (2M)

p#1
codt . x
J ap = )}1—{2 J o}dt = e (2M)

For p<1 dgt(1M)
For p>1 cgt(1M)
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Q4. | Attempt any ONE question from the following: (08)
a) |i . . _ By +m)Byn)
) Using induction on n, show that (x,y) = “BGtyn)
Ans FL?ILW, 5:)
J&HLEQ_&"D To chow . that B{,gﬁbr* = }3('7(, Y+n FC&;»)"
— | ! ch—r‘&, nY
— 1 lef n=) "
- +Y4 —) 1~
_ . x—FU,\\ :V(\ Akl Cret)
o
_ Cv(' T_x-&‘j«l JE ‘
[s)
= \
Y

Potya= [1+77 cop)Tur
(Y

PLy;0 = Ll ey Tde =

)
d

2o POLYAD PG g 3 x“r’-f"”a—t)\’o/&
Pl , 1) J v °

— ot % ’BC'X.; b' .{.\) !

oy
a
-

eny P, ) o WY (7 gyt = Bonv)
Pty ) ! / > ~ +9 /

Py $ uone_ ~CUSULE T frue For h= R

U ey PCL R PUEK) (%)
!

T oW

te  true Aoy Nn= R+)

ettt
KT Blx, yttke)) _ PO, ¢ k) ] B
T Y+ k Xtythk 1
8o ;2(9(. 514 (k) = ‘d"t'kk ,Bc"x_l%_—tk) I
XYt o
Mo BlY,k+) _ PLE KB I
_ Tk Utk ]
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.‘7.__: .' 5 k"Ft - k L k' -
Ytk -
::,Bg‘\rn Bx+d, E40 _ peaty, ) i
a XYtk )
= K k)
L= B (44 ¥
1 bl 7(-‘{-5-?}2 T V) i
/"“
__MNow ctongvcler, RHe — Bix, Ytkn) PLY, k+1) j
e Bla+y , R+1D B
i | = g+FK B wzr k) Xk ply ¥) x x+ytk, |
: Axyrk 9+ L Pery, K
— PO R BUyLRD ) ,
plxty, KD I
= B("' y \C’J’L\ﬁ [ Ao G _ {
- R [/Hs ’ ‘ j |
S oncesube © b fnr noRx) ]
5\-’# foolu t4 " Ul s st Y nend. | .

ii.

State Cylindrical shell method for finding volume of solid generated by revolving a region
bounded by y = f(x)& y = g(x) with f(x) = g(x),x € [a,b] about Y-axis. Hence find
volume of solid of revolution of region bounded by the curves y =2x-1,x=0& y = \x
about Y-axis.

Ans

Cylindrical shell method:
Volume of solid generated by revolving a region bounded by y = f(x)& y = g(x) with
f(x) = g(x),x € [a,b] about Y-axis is given by

b

V= 27TX(f (x) - g(x))dx
To find volume of solid obtained by revolvmg region boundedby y =2x-1x=0&y =
/X about Y-axis:
F(xX) =%, g(x)=2x-1 e R

To find interval of integration, consider

X=2x-1=x=1,x=—
\f X X , X 2

Using cylindrical shell method volume is given by
= f(l)/42nx(\/;c - 2x + 1)dx = /15 cu.units

Q4.

Atte

mpt any TWO questions from the following: (12)

b)

With the usual notation of beta function, show that B(m,n) = 2/ g(sine)zm - 1(c050)2n -1

do.
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Ans
) (D T chare hat e
a_£" n ,%rm bm
N I S M E————
5, W
Sub o= <29 > dn = ASin@cps@AO
o ( .
l & - = co5s*P
lw‘e\m A =0 B=0 R o=\ =Ty
R = 5 2
‘ 7, -
de Bty = [ Gior0)" T (cost) L RSin@cosp dO
N .
= &f o™ e e JE
6
ii. | Define gamma function and show that I'(1) = 1
Ans

BubIG) Ded” of Gavny, A"

t=t YYo= )

w -
Y(n) = zf APk O P B }
‘\\%’/‘

N UJ —
S fa DI \,/\. e el
B

{ el [rm ("t‘ —A
L AT JM/ s
— = liew M

ol Yo) =
e , \ ]

iil.

Find surface area of the solid obtained by revolving the curve x = 3t - t3,y = 3t2, 0<t<1
about X-axis.

10
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Ans

W gﬂ)&i\'\) — Rt
Lt = O£

o.,«f' 3_a g2
‘t%‘a_cgf-—) =9t

s (£ ftey) 2

At L 1gt 4+ 9

o \/ rf‘ffcf:))"-_t (£))* = - [-[—VZ

+1)

6

[ > >
fwibacs ates = | SApIED! JE L) t§ ety

['ow 24> X3 8 1) b

; 6

= Ugm

-S/,

Y

LY ~

iv. | Using disk method, find volume of solid generated by revolving the region bounded by

parabola y = x” and the line y = 2x in the %' quadrant about the Y-axis.

Ans | L i

Y

"L

%Zb) U\/} &—,%l) &:z'x

LUl

\ume = ("TT’( f0w€%\"’/’~‘:hM\tlcQ>4

e P N Aao ’ N //

a

consylor

-TO QQA___,QM'\ d] \ﬂ\"(ﬂ-‘?i 5

Z =\ = -\-)(:2

/M. y =Y

sod = Sy

pJ

- (2> )y

Volume = _:JC,E_C‘F“
O

.
1 = -[50(:_’;%_—/“ ‘\d(: d&

gn

—
I

3

Q5.

Attempf any FOUR questions from the following:

20)

LetP={0,0.5,1,1.75,2.1,3 } be a partition of [0, 3] and f : [0, 3] —R is a function such that f

(x) =1 — x then find the lower sum L(P, f ) and upper sum

Uep, f).

11
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Ans m, = 0.5, m, =0, m, =- 0.75, m, =-1.1, me =- 2
~L(P,f)=05%x05+0x%x05+(-0.75)x0.75+(-1.1) X035+ (-2) x 09 = -24975
M,=1,M,=05M,=0,M,=-0.75 M,=-1.1
~UPf)=1x05+05x05+0x0.75+(-0.75) x 035+ (-1.1) x 0.9 = -0.5025
b) | Show that every constant function is Riemann integrable on [a, b].
Ans | LetP = { XX e , X tbeapartitionof [a,b] ... 3marks
let M, = sup{f(x)/x € [x; _,,x;] }=c & m;=inf {{(x)/x € [x;_; x;] }=¢c
U(P.f)=c(b-a) & L(P.f)=c(b-a)
. U(H)=L(f)=c(b-a) 2 Marks
. f 1s Riemann integrable.
c) x b
Evaluate lim f Ldt.
2
Ans Let F(x) = T is continuous - by FTC Fis differentiable and =F (x) = f(x).
Fx
(x) ©_ = 0.(by L Hospitals rule)
x—)OOx X—00 x X—00 3x
d) | Discuss convergence of each of the following:
1 dx
DS =owd Jfy——
X 1+ xz)
1 .
Ans Dg(x) == lim ! =1, finite non zero
X" x—»0+ 9
. o . L. . 00 x +x+1
since J 29 (x)dx is cgt,(p=2) by limit comparison Test I 7+dx 1s convergent
1 . f )
(II) g(x) = lim = =1, finite non zero
5 x=0+
X
: 1 . - . 1 dx .
since J,g(x)dx is cgt (p=1/2) by limit comparison Test J, T is convergent
X 1+ xz)
e) | The solid lies between planes perpendicular to X-axis at x = 0 & x = 4. The cross-section

perpendicular to X-axis between these planes run from the parabola y =- Jx to y= Jx. Using
Slicing method, find volume of solid if cross-sections are squares with bases in XY -plane.

12
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Ans I S S
MQCW;;—;@; (s §=!Mm_b_a_s_&_&—\\
—— XY plane
— *QﬁniHr\ 6 s 9 SQqusse = aﬁ——/’ﬁ
. d ¥ VR
L Beea f% CsSssec " - Y = (é_\&)f_f’—\

o Vo lume = fL1 e o
o
— oM
_CF Uandan = B2
f) | Evaluate:/ g)xse ~ My
Ans

*)

g o Y
=V PP etae
L‘“\
f (=)
- AR N
z_s'm )
25¢ o
= 3'
25 ¢
z 2
2 g
Kk

13




