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Exam : S.Y.B.A-Semester 4
Subject: Mathematics Paper 2(Revised)

Exam Date: 27-4-2019
Q.P.Code- 66045
ANSWER KEY

(3 Hours)      [Total Marks: 100]

Note:  All questions are compulsory.                     (𝑖) (𝑖𝑖)
Figures to the right indicate marks for respective parts.

Q.1 Choose correct alternative in each of the following                                                    (20)

𝑖. If  be Riemann Integrable function then which of the following is true𝐹:[𝑎,𝑏]→𝐼𝑅
(a)  F must be continuous (b) F must be monotonic
(c) F must be constant (d) F must be bounded
Ans (d)

𝑖𝑖. If  be defined by 𝑓:[0,1]→𝐼𝑅 𝑓(𝑥) = { 1 𝑖𝑓 𝑥 ∈ 𝑄
  0 𝑖𝑓 𝑥 ∈ 𝐼𝑅\𝑄�

then
(a) U(f, P) = 0, L(f, P) = 0
(b) U(f, P) = 1, L(f, P) = 1
(c) U(f, P) = 1, L(f, P) = 0
(d) None of the above.
Ans (c)

𝑖𝑖𝑖. If  be a function such that . Let P be a partition with P: 0, 05, 1, 𝑓:[0,2]→𝐼𝑅 𝑓(𝑥) = 4𝑥 ‒ 3
1.5, 2. Then L(f, P) is
(a) -3 (b) 0
(c) 2 (d) None of the above.
Ans (d)

𝑖𝑣. Let  f be continuous function and .If  then:[𝑎,𝑏]→ℝ 𝑓(𝑥) > 0,∀𝑥 𝐹(𝑥) = ∫𝑥
0𝑓(𝑡)𝑑𝑡

(a) 𝐹(𝑥) > 0,∀𝑥 ∈ [𝑎,𝑏] (b)  is strictly increasing on 𝐹(𝑥) [𝑎,𝑏]

(c)  is convex on 𝐹(𝑥) [𝑎,𝑏] (d) None of these 

Ans (b)
𝑣.

If  is defined by ,then  equals𝑓:[0,
𝜋
2]→ℝ 𝑓(𝑥) = ∫𝑐𝑜𝑠𝑥

𝑠𝑖𝑛𝑥𝑒 ‒ 𝑡2

𝑑𝑡 𝑓'(𝜋
4)

(a) 1
𝑒

(b)
‒

2
𝑒
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(c) 2
𝑒

(d)
‒

1
𝑒

Ans (b)
𝑣𝑖.

𝑇ℎ𝑒 𝑡𝑦𝑝𝑒 2 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙∫1

0

1

1 ‒ 𝑥2
 𝑑𝑥

(a) Diverges (b) Converge to 0

(c) Converge to
𝜋
2

(d) None of these

ANS (c)
𝑣𝑖𝑖. ∫1

0
𝑥7(1 ‒ 𝑥)3𝑑𝑥 = ___________

(a) 3!2!
5!

(b) 4!2!
6!

(c) 3!1!
5!

(d) None of these

Ans (c)
𝑣𝑖𝑖𝑖.

∫
𝜋
2

0
𝑐𝑜𝑠3𝑥 𝑑𝑥 = ______________

(a) 1 (b) 2

(c) 4 (d) None of these
Ans (a)

𝑖𝑥. The expression for finding length of the curve  over  is given by  𝑦 =
𝑥4

4 [0,2]

(a) ∫2

0
1 + 𝑥6𝑑𝑥

(b) ∫1

0
1 + 𝑥𝑑𝑥

(c) ∫1

0
1 + 𝑥4𝑑𝑥

(d) ∫1

0
1 +

𝑥2

2
𝑑𝑥

Ans (a)
𝑥. The expression for the volume enclosed by revolving  about X-axis between 𝑦 = 𝑓(𝑥)

 is given by𝑥 = 𝑎 & 𝑥 = 𝑏

(a)
𝜋∫𝑏

𝑎
(𝑓(𝑥))2𝑑𝑥

(b) ∫𝑏

𝑎
(𝑓'(𝑥))2𝑑𝑥

(c) ∫𝑏

𝑎
𝑓'(𝑥)𝑑𝑥

(d)
𝜋∫𝑏

𝑎
(𝑓'(𝑥))2𝑑𝑥

Ans (a)

Q2. Attempt any ONE question from the following:                                                                (08)
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𝑎) i. Let  be a bounded function. Prove that f is Riemann integrable on [a, b] 𝑓:[𝑎,𝑏]→𝐼𝑅
if and only if for any  there exist a partition P of [a, b] such that ∈> 0
𝑈(𝑓, 𝑃) ‒ 𝐿(𝑓, 𝑃) <∈ .

Ans f is Riemann integrable on [a, b] if for any  there exist a partition P of   [a, b] ∈> 0
such that  (4 marks)𝑈(𝑓, 𝑃) ‒ 𝐿(𝑓, 𝑃) <∈ .
f is Riemann integrable on [a, b] only if for any  there exist a partition P of [a, ∈> 0
b] such that                 (4 marks)𝑈(𝑓, 𝑃) ‒ 𝐿(𝑓, 𝑃) <∈ .

Let f be R-integrable then U(f)=L(f)
Since U(f)= inf{U(f,P) for all partition P of [a,b]}
There exist a partition P1 of [a,b] such that U(f,P1) < U(f)+ ∈ /2
Also L(f) =sup{ L(f,P) for all partition of [a,b]}
There exist a partition P2 of [a,b] such that L(f,P2) > L(f)- ∈ /2
Let p be the union of P1 and P2
Then U(f,P) – L(f, P)  < U(f) – L(f) + +  < ∈ /2 ∈ /2 ∈
Conversely
Let U(f,P)-L(f, P) < ∈
Since U(f)-L(f)  U(f,P)- L(f,P) < ≤ ∈
Implies 0  U(f)-L(f) <  ≤ ∈
Hence u(f)=L(f)                                                                     (4 marks)

ii. Let  be continuous function then prove that f is Riemann integrable on 𝑓:[𝑎,𝑏]→𝐼𝑅
[a, b].

Ans Claim: if f is continuous on [a,b] then f is R-integrable.
Let P={x0, x1,       …, xn ] be a partition of [a,b]
As f is continuous by boundedness theorem there are x’i  and x’’i  in [xi-1 ,xi] such 
that Mi=f(x’i ) and mi=f(x’’i ) where Mi =sup{f(x)/x [xi-1,xi] } &mi =inf {f(x)/x∈ ∈
[xi-1,xi] }-

………..3Marks
U(P,f)—L(P,f)=∑𝑛

𝑖 = 1(𝑀𝑖 ‒ 𝑚𝑖)(𝑥𝑖 ‒ xi ‒ 1) ≤ ∑𝑛
𝑖 = 1(f(x’i ) ‒ f(x’’i ))‖𝑃‖

 but f is continuous hence is uniformly continuous on [a,b]

For  such that 𝜖 > 0 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝛿 > 0 |𝑥 ‒ 𝑦| <  𝛿 => |𝑓(𝑥) ‒ 𝑓(𝑦)| <
𝜖

𝑏 ‒ 𝑎

                                                                                               …………. 2 marks

 Hence U(P,f)—L(P,f)  (b-a)=      if              < ∑𝑛
𝑖 = 1‖𝑃‖

𝜖
𝑏 ‒ 𝑎 =   

𝜖
𝑏 ‒ 𝑎 𝜖 ‖𝑃‖ < 𝛿

……….3marks

Q.2 Attempt any TWO questions from the following:                                         (12)

𝑏) i. If f is Riemann integrable on [a, b] then prove that  is also Riemann integrable | 𝑓  |
on .[𝑎, 𝑏]
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Ans Given:  is  integrable on .𝑓 𝑅 [𝑎,𝑏]
Claim:  is R integrable on .|𝑓| [𝑎,𝑏]
Let  be any partition of 𝑃 = {𝑥0 = 𝑎, 𝑥1, 𝑥2, .. …….𝑥𝑛 = 𝑏} [𝑎, 𝑏]

Let and  𝑀𝑖 = sup {𝑓(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]}  𝑀'
𝑖 = sup {|𝑓|(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]} 

} and    , 𝑚𝑖 = inf {𝑓(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖] 𝑚'
𝑖 = inf {|𝑓|(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]} 

𝑖 = 1,2, .. . . 𝑛.
To show that, 

𝑀'
𝑖 ‒ 𝑚'

𝑖 ≤ 𝑀𝑖 ‒ 𝑚𝑖,   𝑖 = 1,2,….𝑛.
Let, 𝑥,𝑦 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]

𝑚𝑖 ≤ 𝑓(𝑥) ≤ 𝑀𝑖
𝑚𝑖 ≤ 𝑓(𝑦) ≤ 𝑀𝑖

∴ 𝑚𝑖 ‒ 𝑀𝑖 ≤ 𝑓(𝑥) ‒ 𝑓(𝑦) ≤ 𝑀𝑖 ‒ 𝑚𝑖
∴‒ 𝑚𝑖 ‒ 𝑀𝑖 ≤ 𝑓(𝑥) ‒ 𝑓(𝑦) ≤ 𝑀𝑖 ‒ 𝑚𝑖

Consider,
|𝑓(𝑥)| = |𝑓(𝑥) ‒ 𝑓(𝑦) + 𝑓(𝑦)|

≤ |𝑓(𝑥) ‒ 𝑓(𝑦)| + |𝑓(𝑦)|
≤ 𝑀𝑖 ‒ 𝑚𝑖 + |𝑓(𝑦)|

Here, 𝑦 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]
,  ∴ |𝑓(𝑥)| ≤ 𝑀𝑖 ‒ 𝑚𝑖 + |𝑓(𝑦)| ∀𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]

is an upper bound of  .∴ 𝑀𝑖 ‒ 𝑚𝑖 + |𝑓(𝑦)| {𝑓(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]}

 ,  is least of upper bound∴ 𝑀'
𝑖 ≤ 𝑀𝑖 ‒ 𝑚𝑖 + |𝑓(𝑦)| ( ∵ 𝑀𝑖' )

∴ 𝑀'
𝑖 ‒ 𝑀𝑖 + 𝑚𝑖 ≤ |𝑓(𝑦)|,∀𝑦 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]

is lower bound of  .∴ 𝑀'
𝑖 ‒ 𝑀𝑖 ‒ 𝑚𝑖 {𝑓(𝑥) :𝑥 ∈ [𝑥𝑖 ‒ 1, 𝑥𝑖]}

 is greatest lower bound∴ 𝑀'
𝑖 ‒ 𝑀𝑖 + 𝑚𝑖 ≤ 𝑚𝑖'( ∵ 𝑚𝑖' )

      ……3 marks∴ 𝑀'
𝑖 ‒ 𝑚'

𝑖 ≤ 𝑀𝑖 ‒ 𝑚𝑖,   𝑖 = 1,2,….𝑛.
Multiplying above relation by  and adding above  relations we have,(𝑥𝑖 ‒ 𝑥𝑖 ‒ 1) 𝑛

𝑈(|𝑓|, 𝑃) ‒ 𝐿(|𝑓|, 𝑃) ≤ 𝑈(𝑓, 𝑃) ‒ 𝐿(𝑓, 𝑃)                                                ( ∗ )
As,  is  integrableon .𝑓 𝑅 [𝑎, 𝑏]
Hence, for given  such that,𝜖 > 0, ∃partition𝑃𝜖of [𝑎, 𝑏]
𝑈(𝑓,𝑃𝜖) ‒ 𝐿(𝑓, 𝑃𝜖) < 𝜖

 by ∴ ( ∗ )
𝑈(|𝑓|,𝑃𝜖) ‒ 𝐿(|𝑓|, 𝑃𝜖) < 𝜖

  is R integrable on .            ………   3 marks∴  |𝑓 | [𝑎,𝑏]
ii.

If f is a bounded function on [a, b] then prove that 𝐿(𝑓) ≤ 𝑈(𝑓).
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Ans Prove that U(f, P)  L(f, P) ≤
Implies inf{U(f, P) for all partition P }  sup{L(f, P) for all partition P }≤
Hence  𝐿(𝑓) ≤ 𝑈(𝑓)

iii. If f and g are Riemann integrable on [a, b] then prove that f + g is also Riemann 
integrable on [a, b].

Ans Let P={x0, x1,       …, xn ] be a partition of [a,b]
let Mi =sup{(f+g)(x)/x [xi-1,xi] } &mi =inf {(f+g)(x)/x [xi-1,xi] }∈ ∈
let M’i =sup{f(x)/x [xi-1,xi] } &m’i =inf {f(x)/x [xi-1,xi] }∈ ∈
let M’’i =sup{g(x)/x [xi-1,xi] } &m’’i =inf {g(x)/x [xi-1,xi] }∈ ∈
then  Mi   ≤M’i +  M’’i    and     mi  ≥ m’i   +    m’’i    for i=1,2,….n
Hence U(P,f+g) - L(P,f+g)  ≤U(P,f)  -  L(P,f) + U(P,g) - L(P,g)……(*) 3 
marks
But f & g are R- integrable on [a,b] hence there are partitions say P1  and P2

Such that  U(P1 ,f)- L(P1 ,f) <    and  U(P2 ,g)- L(P2 ,g) <                                   2 
𝜖
2

𝜖
2

marks

Take P=P1 P2∪

Then   U(P,f)- L(P,f) <  and  U(P,g)- L(P,g) <        ….2 marks                       
𝜖
2

𝜖
2

Hence U(P,f+g) - L(P,f+g)  <   by * 𝜖
Therefore f+g is R-integrable on [a,b]                                   

iv. For any two Riemann integrable functions f and g, prove that

∫𝑏

𝑎
𝑓 + 𝑔 = ∫𝑏

𝑎
𝑓 + ∫𝑏

𝑎
𝑔

Ans Prove that  ∫𝑏
𝑎𝑓 + 𝑔 < ∫𝑏

𝑎𝑓 + ∫𝑏
𝑎𝑔 +∈

And ∫𝑏
𝑎𝑓 + 𝑔 > ∫𝑏

𝑎𝑓 + ∫𝑏
𝑎𝑔 ‒∈

Q3. Attempt any ONE question from the following:                                           (08)

𝑎) i. Let be a continuous and let be Riemann integrable on such that 𝑓:[𝑎,𝑏]→ℝ 𝑔 [𝑎,𝑏]
.Show that  such that .𝑔(𝑥) ≥ 0,∀𝑥 ∈ [𝑎,𝑏]  ∃𝑐 ∈ (𝑎,𝑏) ∫𝑏

𝑎𝑓(𝑥)𝑔(𝑥)𝑑𝑥 = 𝑓(𝑐)∫𝑏
𝑎𝑔(𝑥)𝑑𝑥

Ans Ans: Since  is continuous  is Riemann integrable on ]  is bounded also 𝑓 ⇒𝑓 [𝑎,𝑏 ⇒𝑓
⇒
𝑚

≤ 𝑓(𝑥) ≤ 𝑀⇒𝑚∫𝑏

𝑎
𝑔(𝑥)𝑑𝑥 ≤ ∫𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑑𝑥 ≤ 𝑀∫𝑏

𝑎
𝑔(𝑥)𝑑𝑥 ⇒∫𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑑𝑥 = 𝜇

∫𝑏

𝑎
𝑔(𝑥)𝑑𝑥

 such that  hence the proof.∴  ∃𝑐 ∈ (𝑎,𝑏) 𝑓(𝑐) =  𝜇
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ii. State and prove comparison test for improper integrals of type-II,∫𝑏
𝑎𝑓(𝑥)𝑑𝑥,|𝑓(𝑥)|

→ ∞ 𝑎𝑠
𝑥→𝑎 +

Ans State and prove comparison test for improper integrals of type-II,∫𝑏
𝑎𝑓(𝑥)𝑑𝑥,|𝑓(𝑥)|→ ∞ 

𝑎𝑠  𝑥→𝑎 +
Statement: 

Suppose f , g are two functions defined on ( a , b] and if  |𝑓(𝑥)|→ ∞, |𝑔(𝑥)|→ ∞  𝑎𝑠  
𝑥→𝑎 +

If  b≥ x ≥  >a ,for some k > 0, then |𝑓(𝑥)| ≤ 𝑘|𝑔(𝑥)|𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥0

Convergence of  implies Convergence of vergence of ∫𝑏
𝑎|𝑔(𝑥)| 𝑑𝑥 ∫𝑏

𝑎|𝑓(𝑥)| 𝑑𝑥 𝑎𝑛𝑑 𝑑𝑖

 implies divergence of                                        (2M)∫𝑏
𝑎|𝑓(𝑥)| 𝑑𝑥 ∫𝑏

𝑎|𝑔(𝑥)| 𝑑𝑥

Proof: Consider any ℇ > 0  

Given  is Convergent  at a.∫𝑏
𝑎|𝑔(𝑥)|𝑑𝑥  

 Hence by Cauchy’s Criterion for ℇ > 0 there exists δ1>0 such that  for all x ,y   ( a ,a + ∈

δ1 )  <   ,   | ∫𝑦
𝑥|𝑔(𝑥)|𝑑𝑥|  

 ԑ 
𝑘

Let 0 < δ < min {   δ1  }𝑥0 ‒ 𝑎 ,

for all x ,y   ( a ,a + δ ) ∈

 ≤ k =|  = Ꜫ,   | ∫𝑦
𝑥|𝑓(𝑥)|𝑑𝑥| ∫𝑦

𝑥|𝑔(𝑥)|𝑑𝑥| < 𝑘 
 ԑ 
𝑘

By Cauchy’s Criterion  is convergent      .              (4M)∫𝑏
𝑎|𝑓(𝑥)| 𝑑𝑥

Part 2: Given  is divergent.∫𝑏
𝑎|𝑓(𝑥)| 𝑑𝑥

TPT  is divergent.∫𝑏
𝑎|𝑔(𝑥)| 𝑑𝑥

Suppose  is convergent.∫𝑏
𝑎|𝑔(𝑥)| 𝑑𝑥

But then by part1  is convergent ,which is not true∫𝑏
𝑎|𝑓(𝑥)| 𝑑𝑥

Hence our assumption is wrong

Proved   (2M)
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Q3. Attempt any TWO questions from the following:                                        (12)

𝑏) i.

Let  be defined by 𝑓:[0,1]→ℝ 𝑓(𝑥) = { 0  𝑖𝑓 0 ≤ 𝑥 ≤ 1
2

1   𝑖𝑓 1 2 < 𝑥 ≤ 1�
And  be defined by  then discuss the continuity of  at 𝐹:[0,1]→ℝ 𝐹(𝑥) = ∫𝑥

0𝑓(𝑡)𝑑𝑡 𝑓

 and differentiability of ..𝑥 =  
1
2 𝐹𝑥 =  

1
2

Ans f is not continuous.  lim
𝑥→

1
2

+
𝑓(𝑥) = 1 ≠ lim

𝑥→
1
2

‒
𝑓(𝑥) = 0⇒

. .𝐹'(1
2) = lim

ℎ→0

1
ℎ

∫
1
2 + ℎ
1
2

1𝑑𝑥 ⇒𝐹'(1
2) = 1

ii.

If Find 𝑥 = ∫𝑦
0

𝑑𝑡

1 + 𝑡2   ,𝑦 ≥ 0.
𝑑2𝑦

𝑑𝑥2 .

Ans
Differentiate equation by chain rule ,we get 1 =

1

1 + 𝑦2

𝑑𝑦
𝑑𝑥⇒

𝑑2𝑦

𝑑𝑥2 = 𝑦.

iii.
Identify the type and discuss the convergence of the following integral(𝐼) ∫∞

1
𝑑𝑥

𝑥3 + 1

 (II)Find ∫1
0

1
1 ‒ 𝑥

ans (1)g(x)=
1

𝑥

3
2

cgt 𝑏𝑦 𝑙𝑖𝑚𝑖𝑡 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛 𝑡𝑒𝑠𝑡

Ans(II)  =  dt =…………..=2∫1
0

1
1 ‒ 𝑥 lim

𝑥→0 +
∫1

𝑥
1

1 ‒ 𝑡

iv) State Abel’s and Dirichlet’s Tests for the conditional convergence of type 1 

improper integral and discuss convergence of  for a > 0𝐼 = ∫∞
𝑎

sin 𝑥
𝑥 𝑑𝑥

Ans Abel’s Tests:
If f is Reimann integrable on [a,∞) and βis monotonic and bounded on [a,∞), then 
function (fβ) is Reimann integrable on [a,∞)          (1M)
Dirichlet’s Tests:
If f is Reimann integrable on [a,x) ,for all x ≥a,if F(x)= and ifβ is ∫𝑥

𝑎𝑓(𝑥) 𝑑𝑥

monotonic and if  then function (fβ) is Reimann integrable on [a,∞)lim
𝑥→∞

β(x) = 0

(1M)

Let f(x)=sin x   β(x) = 
1
𝑥
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Put 𝑥2 = 𝑡  
  cos x  |   2 for all x                                           (2M)|∫𝑥

𝑎sin x𝑑𝑥| = |cos 𝑎 ‒ ≤

 Since f is conti, f is R-integrable on [a,,x] and the integral is bounded .
 =0 lim

𝑥→∞
β(x)

By Dirichlet’s Test I is convergent                                                   (2M)
Q4. Attempt any ONE question from the following:                                           (08)

𝑎) i. State and prove duplication formula for gamma function.

Ans

ii. Give formula for finding volume of a solid using method of slicing and hence show 

that the volume of a sphere of radius  is ‘𝑟’
4
3𝜋𝑟3.
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Ans

Q4. Attempt any TWO questions from the following:                                         (12)

𝑏) i. With usual notation of gamma function, show that , for 𝑛Γ(n) = Γ(n + 1) 𝑛 > 0

ii. Show that ∫
𝜋
2
0

𝑑𝑥
𝑐𝑜𝑠𝑥

∫
𝜋
2
0

𝑠𝑖𝑛𝑥𝑑𝑥 = 𝜋.
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Ans

iii. Find the area of region bounded by the curves 𝑥 = 1 ‒ 𝑦2& 𝑥 = 𝑦2 ‒ 1.

iv. Find volume of solid generated by revolving the region bounded by 𝑦 = 4 ‒ 𝑥2

 about X-axis using disk method.& 𝑦 = 2 ‒ 𝑥
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Ans

Q5. Attempt any FOUR questions from the following:                                     (20)

𝑎) If  be a function such that . Let P be a partition with P: 0, 0.25, 𝑓:[0,1]→𝐼𝑅 𝑓(𝑥) = 2𝑥 + 1
0.5, 1. Then find U(f, P).

Ans 0.25(1+2 (0.25)+2+2.5+3)= 3.6

𝑏) Let be a bounded function. If are partitions of with is refinement of 𝑓:[𝑎,𝑏]→ℝ 𝑃𝑎𝑛𝑑𝑄 [𝑎,𝑏] 𝑄
then prove that 𝑃  𝐿(𝑃,𝑓) ≤ 𝐿(𝑄,𝑓).

Ans Let P={x0, x1,       …, xn ] be a partition of [a,b]. Given P is subset of  Q
Let y1,y2 ,….ym  are extra points which are in Q but not in P.
Let P1 = P  {y1}.let y1             …..2 marks∪ ∈ [𝑥𝑗 ‒ 1,𝑥𝑗]
L(P,f) – L(P1 ,f)=(mj –m’j )(y1-xj-1)+ (mj –m’’j )(xj- y1) ≤ 0
Where mj =inf{f(x)/x [xj-1,xj] }∈
            m’j =inf{f(x)/x [xj-1,y1] }∈
            m’’j =inf{f(x)/x [y1,xj] }∈
As  m’j   mj and  m’’j   mj …….    3 marks≥ ≥
Therefore    L(P1,f) L(P,f)≥
Similarly , L(P2,f) L(P1 ,f)≥
L(Pm,f) L(Pm-1 ,f) L(Pm-2 ,f)…….. L(P,f)≥  ≥   ≥
but Pm =Q ….1mark
L(Q,f) L(P,f)≥

𝑐) If  be Riemann integrable such that  and  exist then prove that𝑓,𝑔:[𝑎,𝑏]→ℝ 𝑓' 𝑔'
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.∫𝑏
𝑎𝑓𝑔' = 𝑓(𝑏)𝑔(𝑏) ‒ 𝑓(𝑎)𝑔(𝑎) ‒ ∫𝑏

𝑎𝑓'𝑔

Ans  since ,  exist  are continuous hence R integrable  is R integrable𝑓' 𝑔' ⇒𝑓,𝑔 ⇒𝑓𝑔
Since  then integrate from a to b we get the result.(𝑓𝑔)' = 𝑓'𝑔 + 𝑓𝑔'

𝑑) Prove that convergence of  implies convergence of  a > 0∫∞
𝑎 |𝑓(𝑥)| 𝑑𝑥 ∫∞

𝑎 𝑓(𝑥)𝑑𝑥,

Ans Consider any ԑ > 0
Given  convergent𝑡ℎ𝑎𝑡∫∞

𝑎 |𝑓(𝑥)| 𝑑𝑥 𝑖𝑠

By Cauchy’s general Principle of convergence there exists some  such that 𝑋0 > 0 |

 for all x, y ≥ ∫𝑦
𝑥|𝑓(𝑥)|𝑑𝑥| < ԑ 𝑥0  

for all x, y ≥ 𝑥0  ,|∫
𝑦
𝑥𝑓(𝑥)𝑑𝑥| ≤  |∫𝑦

𝑥|𝑓(𝑥)|𝑑𝑥| < ԑ

Hence 
By Cauchy’s general Principle of convergence ∫∞

𝑎 𝑓(𝑥)𝑑𝑥 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡,

𝑒) Find the value of ∫∞
0 𝑒 ‒ 𝑘2𝑥2

𝑑𝑥.

Ans

𝑓) Find the surface area of solid generated by revolving the curve 
 about X-axis.𝑥 = 3𝑐𝑜𝑠𝜃,𝑦 = 3𝑠𝑖𝑛𝜃, 0 ≤ 𝜃 ≤ 𝜋
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Ans

*****


