D 58y

(3 Hours) [Total Marks: 100

Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respective parts.

Q.1 | Choose correct alternative in each of the following: (20)
i. | Integrating factor of (2x logx — xy)dy + 2ydx = 0 is
(a) 1 ® T
X x?
© X | (d) | None of the above.
Ans | i.(a) J
ii. | The equation of the orthggonal trajectories to the family of parabolas y? = kx
is T
a 2. b =c er
(@) %\7/_*_ X2 = (b) y
(© y2+x?=c (d) | None of these
Ans | ii(a)
iii. | The degree of the O.D.E.y' + x = (y —xy' )~ ?is
(@ |1 b [2
(c) 3 (d) | None of these
Ans | iii(b)
iv. | Which of the following is a homogenous first order differential equation?
(@) dy 2x+3y (b) dy 2x+3y+1
dx 2x—3y dx  2x—3y
(c) dy  2x+3y (d) dy 2x+3y+1
dx  2x—3y+1 dx 2x-3y-—1
Ans | iv.(a)
v. | General solution of y" + 16y =0 isy =
(@) |cie™ +ce™ (©) | (cs+c;x)e®
() | cqsindx + c,cos4dx (@ |cxt+c,x*
- Ans | v.(c)
vi. | General solution for differential equation y"“ +y’'= 01is
(a) |y=ce*+ce™ (b) |y=c3+ce™
(¢) |y =cicosx tcysinx d |y=rc +ce*
Ans | vi.(b)
vii. | Wronskian determinant W(y;,y,) with usual symbols is equal to
@ |y =y’ IO AZE SN
© | ywvi—y2y2’ () | y1y1+ 22
Ans | vii.(a)
viii. | One of the solutions of the homogeneous linear system of differential
X _ 3%
W dr .
equations oy 18
==
() x = 3e3 (b) {x = 3et
y = e4t y = 4et




©) {x = 3e?t ) None of these
y = 5e3t
Ans | viii.(a)
ix. | Amongst the following, the pair of linearly independent solutions is
— _ -t — —
(@) { —etad x—e_t (b) {x e d{y 3e
y=e = 2e
c x =et x =—e' d None of these
(©) {y o3t and {y — g3t @ ©s
Ans | ix.(a)
x. : . x=e* = g3t
The Wronskian of two solutions { 2 and { 3¢, of a
y =2e = 2e
homogeneous linear system of differential equations, is equal to
(@) 4e>t (b) 2e?t
(©) 0 (d) None of these
Ans | x.(¢c)
Q2| a) Attempt any ONE question from the following: (08)
L Show that the general solution of the linear first order O.D.E. 3_314_
Py=Q, P and Q are integrable functions of x, is y=
e~IPax({ Qel P&*dx + ), ¢ being an arbitrary constant. Hence solve
the O.DE. 2+ L =x% —x.
Consider —— (yef pdx), 1
We have by the product rule of differentiation
(y fpdx) — _efpdx +yd (efpdx)
efpdx + yefpd" (f P(x)dx) ... by Chain Rule
1
= aef”d;‘ + yel PAxp(x)
e (@ cr)
e 2 TPy
=Q(x)e/Pdx .. ( + Py = Q) 1
Hence yel P4 = | Q(x)ef Pdxdx + ¢, upon integration. 1
wy = e~ Pax([ Qel PA%dx + c) is the required solution.
The given O.D.E. is linear with P = i—x& Q=x%>—x 1
« its solution is given by y = e~/ Pax(f Qel P&dx + ¢) 1
= p~log (1—x)(f (xz . x)elog (1—x)dx + C)
1

=1—1—(f (—x3 + 2x2 — x)dx + c)

((— X E "—) + ¢),is the required solution.

ii.

Verify that the given differential equation is not exact. Further, find an




3x(y? + x)dy = 0.

LF. of the differential equation and solve: (x3* —2y3 —3xy)dx +

Sol:
Comparing the given differential equation with M dx + N dy = 0,
M = x3 —2y3 — 3xy and N = 3xy? + 3x2

oM 2 ON _ 5 2
R 6y“ — 3x and o = 3Y T ox
'-'%% * aa_: , -~ the given differential equation is not exact. 2

1/0M 9N\ _ ! 2 e a2 _ =9y +x)
Now, N (6y 6x) T 3xy2+3x2 ( 6y 3x — 3y 6x) T 3x(y2+x)
e % , which is a function of x alone.
+LF = ef_Tde . e—3logx -1 3

. 3
Multiplying the given differential equation by I.F= % we get the exact
3_ a3 2
differential equation ( 2y3 32y) dx + 3x(3;3+x) dy =0
3_ 3_
Its solution is, [ ("z—yf’@ax =c
X
. i 1 y® , 3y
1.e.fdx—2y3f;dx—3yfzdx=c orthat x+ > +—=c¢ 3
b) | Attempt any TWO questions from the following: (12)

By Substituting x + y = v, solve the differential equation:
dy
27 1
Ce+y)* o

Sol:i-x+y=v

.-.J(l—vzl_l_l)dv=fdx

sv—tanlv=x+c¢
sx+y—tanl(x+y)=x+c
sy=tan"l(x+y)+c

il

Solve the following non-homogenous differential equation:
dy x+2y—1
dx x+2y+1

Sol:




d x+2y—1
FITIO o @
dx x+2y+1 1
Putx+2y=v
dy ldv 1 1
dx  2dx 2
Substituting in (1), we get,
dv 3v-—1 1
dx  v+1
S v+1 dv = d
o1 T
At av=d :
I\ T3, o) T
. 4 3
Integrating, we get, [ (1 +§;_—1) dv=3[dx+c )
) +§log(3v —1)=3x+c
Substituting back v = x + 2y, we get, 1
3x —3y—2log(3x+6y—1)=k
iil. Solve the differential equation:
dy ¥ _ .6
a‘ + ';C' =x°y
Sol: -
The given differential equation is a Bernoulli’s equation 1
Now, putting v = y~5 the equation transforms to % = 55 = —5x2, 2
which is linear and has solution !
f Z2dxy _ _ ) “Sax
vel =) =—[5x%¢) xdx +c¢
S I R 2(L
e 5= J5x (xs) dx +c )
. i 5
1.€. s =7 +c
iv. An RL circuit has an emf of 15V, a resistance of 9002 and inductance
of 3H, and no initial current. Find the current in the circuit at any time t.
Sol: V=15 ,R=90, L=3
di R . _ V(®)
We have —tIi=—
di 90 15
a3 73 |
L +30i=5
o dt I =
LA 5-30i
Tdt ' 1
. 5(1 - 6i)
2= ( i
A sa !
“1-6i
[ s [
_ J1-6i
o 10B16D _ gy 4 ¢ ) 1

-6
Att =0,i = 0 given,

.-.lﬁ_i—l=0+c from (1)




~c=0
~ (1) becomes
log (1 — 6i
, log (_6 ) _ ”
~log (1 —6i) = —30t
o (1-60)=e™3%
s 60 = 1-— e—30t
1-— e—30t

S L= 6

Q.3

Attem

pt any ONE question from the following:

(08)

1.

Let y, (x) be a non-zero solution to the differential equation y'' +
P(x)y’ + Q(x)y = 0 on [a, b]then show that another linearly

ej —p(x)dx

independent solution y, (x) = y1(x) [ T
1

Ans

Let y, (x)andy, (x) are two independent solution of the differential
equation y"' + P(x)y' + Q(x)y =0
= 3 non constant function V(x) such that,
y2(x) = V(x)y:1 (%) (1)
~yy =Vyr+ V'
vy =Vy +2Viy1 + Vs
Substituting these values in y5' + P(x)y; + Q(x)y2 =0
a VYY 42V  +V 'y + Py + V") + QV()ya(x) =0
2V +Pyi+@Q+V"y + V' 2y1 + Py) =0 (2)
As y, is a solution to y” + P(x)y’ + Q(x)y =0
~ y1 +P()y; +Q(x)y, =0
hence equation (2) becomes
V'y, +V'(2y; + Py) =0
& V'yy = =V'(2y1 + Py1)
V" @yt Py)
V, yl " !
A/ S
4 Vi
Integrating both sides we get,
logV' = -2 logy, — { Pdx
~logV’' +2 logy, = —[ Pdx
~logV' + logy? = —J Pdx
~log(V'y?) = —[ Pdx

. Vly% = e—dex

= (2) becomes

1
$2() = 320 f L eIrpax gy
N

Now we shall show that, y, (x) and y,(x) are linearly independent.

=W, V2) = }’1}’5 - )’2)’1’




= yll(Vyl +V'y) —Vyyy'
=V'y; asV' =y, (x) f?e_fpd" dx is never zero,
1
and y? # 0

~ W (yy,y,) is never zero.
=y, and y, are linearly independent

ii.

Describe the method of variation of parameters to solve a non-
homogenous differential equation of the second order.

Ans

. Let y; (x)andy, (x) are solutions of the differential equation
y tpy +qy=0
- complementary function is
Yo =C1Y1+ Y
Let particular integral fory + py + qy = R(x) be

Yp =uyy +Vy; « (D
yp :uy1+uy1+vy2+v)72’ e (2)
Let u, v satisfy the equation

uy; +vy,; =0 )

-~ equation (2) becomes
Sy =uy tuy,
“ Yy =uyy Uy +vyy vy,
Substituting these values in y, + py, + gy, = R(x),
2 u'yy +uyy + vy + vy, + p(uyy +vys) + q(uys +vy2) = R(x)

s ulyl +py'y + an) +v(v3 + By, + @) + (W¥i +9;) = RR)
[ y,andy, are solutions for y" + py +qy =0
~u(0) +v(0) + (uy, + v'y;) = R(x)

c(uy,+vy;)—R=0 . (4)

Using Crammer’s Rule for equations (3) and (4) we get,
o v 1

V2 0 |_‘ V1 0 |_ N yZI

yg’ —R }’1’ —R y1' }’2'
u _ —v' _ 1

y2 0 | EZ | W

y2' ,_R }’1', —R
u v 1

"—y,R _—-»R W

su' = —Zﬁandv' = nR

X VyR i y1R

su=—[""dx and v = [T dx




| b) | Attempt any TWO questions from the following: ( 12)—|
' i Find the general solution for the differential equation y"' — 7y’ +
| 12y =0
’» Ans | Associated auxiliary equationx* —7x+12 =0~ x =3 and x = 4 2
| are the two roots... y; (x) = e3¥ is one solution.y, (x) = e** 2
‘ are two linearly independent solution. . ¥(x) = c1e3* + et is 2
| general solution.
! il. Solve the non-homogenous differential equation
| d’y  dy
| W+4a;+5y=x+12.
L
' Ans | Auxiliary equation is m? + 4m + 5 = 0 1
~m+Dm+4) =0
s“m=-1,-4
SV =¥+ cpem ]
|| Lety, = Ax + B ,
‘ A yp =A )
Yp =10
| “Ypt 4y, +5y, =x+12
| ~0+4A+5(Ax+B) = x+ 12
1
-'-A=§, 4A+ 5B =12
56 1
25
1 56
| “Yp = gx + ﬁ
‘ * general solutionisy = y, + Yo 1
| cy=qge ¥+ e“*"+lx+E !
i 2 57 ' 25
5
M-I Solve the differential equation Z—xf +3 Z—Z — 10y = 6e*#*
B Ans | Associated auxiliary equation of homogeneous system is
| X2 +3r~10=0ox=-58&x =2 sy,(x) = e~ & y,(x) = e2* |3
Are linearly independent solutions of associated homogeneous system
Take yp(x) = Ae** then A = § 2 Y(xX) =cre” + cze2x+§ e* is the ;

general solution of given D.E.

iv. Using the method of variation of parameters solve
d’y b4y = o
—_— = sinx
dxz " Y

Ans | Auxiliary equation for the differentia] equation is
m?+4=0
sm=+42i

“ Ye = €1 €COS 2x + ¢, sin 2x

2
= two independent solution for ZTZ + 4y =0 are




y1(x) = cos 2x andy, (x) = sin 2x
~y1(x) = —2cos 2x andy;(x) = 2 sin 2x

Y1 Y2
o W = 7 14
B4 J’Z,
=| cos 2x sin 2x l
—2sin2x 2cos2x
=2
Here R = e*sinx
R
SU = — yzwdx
sin 2x sinx
- _f*dx
2
=—%f2$in2xsinx dx
1
=Zf(cosx—cos 3x) dx
e Lins
= 4( 51nx+§Sln x)
and
y1R
=|—d
v W X
cos 2xsinx
_—_f‘——z-——dx

‘—ichostsinx dx
1
=2 J (sin3x —sinx) dx

1 :
=7 (—§c033x + sinx)

~ particular integral is y,, = uy, + vy,

1 1
= Yp = —sin2x (— 3 cos 3x + sinx)

4
“ particular solution is y = y. + y,
1 1 iy 1 :
#y = gcos2x (— sinx + = sin 3x) + o sin2x (—§C05 3x + sinx)

ptany ONE question from the following:

(08)

Q4] a) [Attem
| i

Prove that the two solutions {x =% and X = x2(0)
y = y1(t) = y,(t)

of the homogeneous linear system

dx
dt
dy

2 = 6y (O)x + b (6)y

Wronskian is identically zero on [a, b].

=a;(t)x + b (t)y
! ! are linearly dependent on [a, b] iff their

Solution:
If the solutions are linearly dependent, then it means there exists a real

number £, such that ™! (t) = ko, (t) and ! (t ) =hy (t ) .

Then,




%) x(r)
() »(r)

x() x (t)
b (1) oy (2)

W[T]: =loc1(t)x2(t)—loc2(t)xl(t)=0

It should be clear that W[T] - 0, if o (t) e (t) and kB, (t) =) (t)

Now suppose, the Wronskian is identically zero on [a, b] - We will show
that the solutions are dependent. That is, we will show that there exist
real numbers ¢; and 2, not both zero, such that

e (#)+e,x,(£) =0
oy (t)+c2y2 (t)=0 3

Let™ €1@.8] 1y 7 (6)=0 Hence, the following system of linear
algebraic equations has a solution . ©2, in which these numbers are not
both zero.

ax (2,)+c,x, (t,)=0

g (to) 6, (to) =0
x=cx(t)+c,x, (1,)

Thus, the solution of the system, given by Y=an (t") e (t") ()

equals the trivial solution at % .

Now from the uniqueness part of the Existence and Uniqueness
theorem, it follows that (*) must equal the trivial solution throughout

the interval [a’ b] . 3

il

State the theorem for existence and uniqueness of first
order homogeneous linear system of O.D.E.in two
x = x;(t) df=h@

variables. Let{ an be two solutions
Yy =y.(t) Y =y,(t)
dx
—=a;(t)x + b, ®y
of the homogeneous system gt where

d_Jt, = az(t)x + b, (t)y
i, az, by, byare continuous functions on [a, b]. Show that
the linear independence and continuity of the solutions
. . X = (8) + cpx, (1)
L] 1m hes{ 2 to be the general
on [a,6] imp Y =cy1(t) + 3, (t) &

solution of the homogeneous system on [a,b].

Solution:
The linear system of homogeneous first order ordinary differential




o = = aOx©) + b Oy
€quations given as y *

d‘f = a;()x(t) + b, (£)y(t)
where a, (t) , az(8), by(t), b, (1) are continuoug functions defined op

interval [a, b] has a unique solution (@), y(t)) satisfying initia]

conditions x(t,) = *o & y(to) = y, for some to € [a, b].

Let (x; (), y, () & (x, (), Y2(t)) where x1(8), y1(2), %2(8), y,(t) are
continuously differentiable on [a,b], be two linearly independent
solutions of * , Le,W(t) # 0,ve e [a, b].

Then

{x{ @) =aq, ®x;(e) + by (), (t) and

Y1) = ay(£)x, (¢) + by ()y,(2)
{xé ®) = a;(Dx, () + b, Oy, (®)
y2(t) = a, (O, (6) + by, (t)

Now (C1x1)’(t) = x5 (), (C1J’1)’(t) =4 (b),
(c225)' () = 2% (1), (c23,)'(t) = C2¥5(t)

a3 () (c1x)(t) + by (1) (Cy)@) = c1(ay (O)x, (t) + b (®y, ()
a2 () (c1x)(t) + by (V) (c131) @D =¢ (a,(®)x, () + b; Dy, (1))
Similarly for Xz & ¢y,

Thus verifying that (crx; + C2X3, €1y, + €2Y) satisfies «

Now let ((x (), y(t) satisfying initia] conditions x(t,) = Xo &

y(to) = y, for some Lo € [a, b] be a particular solution to  then

consider the equations

c1x1(to) + cyx, (t0) = x,
ayi(te) + cyy, (t0) =y,
[xl (t0) xz(fu)J [ﬁ] _ [on
Y1 (to) Y2 (to)] Le Yo
The above matrix equation has a unique solution provided
x1(ty) x, (to)J £0
y1(t) y, (to)
Butas W (t) = 0, vt ¢ [a, b] hence W(ty) # 0

det [

= For above valyes of €1,62, (€121 + C2X3, ¢y, + C2¥>) Satisfies * byt

10




due to uniqueness of solution satisfying initial conditions hence
CiX¥1+CXy =x &y + 6y, = .

Thus (121 + c,x;,, €1¥1 + €32¥,) is general solution to * for arbitrary
constants ¢; & c,.

|

b)

Attempt any TWO questions from the following:

1.

— 3t T
Show that both {* = € and]* =€ are solutions of the
y= e3t yi= 2e2t
dx
= dx=y
4y _
dr

system 3
2x+vy

| Hence or otherwise, write general solution of the system.

Solution:
3t

. x=e
Consider { 5 - Therefore,
y=e
B — =3¢%
dt dt
=4¢* —¢" and =2¢* +¢*

=4x-y =2x+y

3t

Thus, { * =63, satisfies the given system.
y=e

2t

Similarly, consider { x:2e ,, - Therefore,
y=2e |

& 2% L 4e*
dr dt
=4e* —2¢* and =2e* +2¢%

=4x-y =2x+y

2y

Thus, { o :Ze ,, too satisfies the given system.
y=2e

Consider the Wronskian of the two solutions:

e3t ez:
W= 3r 21
e 2e
- 2e51 _eSI
=eSI
Since, exponential function never vanishes, W #0. Therefore,
. x= 3 X = ez’ .
the two solutions , and ,, are linearly
y=e y=2e
independent.

Thus, the general solution of the system 1is

11



3 2
{x:cle "+ce”

3t 2
y=ce' +2ce

11. Solve the system:

dx_4 5
ag ey
dy
— =5x+2
7 X+ 2y

Solution:
Auxiliary equation is m2 — (4 + 2m+8+10=0
Roots are m = 3 + 3i

. (x(t) = Ae™ _ 2. s
Taking {y(t) — Bemt &m=3+3i.x'(t) = 4x(t) - 2y(t)

© mAe™ = 44e™t _ Qgemt
“(4-m)A-2B=0ase™ =g

* usingm = 3 + 3i we get (1 — 3i)A-2B =0

Take A = 1 + 3i then 1-3)(1 +3i)=2B.B=5

 Jx@® = (1 + 30)eGH30e
° y(t) — 53(3+3i)t

. [x(©) = e3*[cos3t — 3sin3t + i(3cos3t + sin3t)]

B { y(t) = e3*[5cos3t + i(5sin3t)]

Consider,

x1(t) = e3[cos3t — 3sin3t] %, (t) = e3¢ [3cos3t + sin3t]
{ y1(t) = e3*[5cos3t] and { ¥2(t) = e3[5sin3t]

Then check these solve

Also Wronskian of these solutions

W) = e (cos3t — sin3t) Se3cos3t
 le3t(3cos3t + sin3t) 5e3sin3t
Hence these are linearly independent solutions
_ {x(t) = ;e [cos3t — 3sin3t] + c,e3[3cos3t + sin3t]
h Y(©) = ¢;[5e%cos3t] + c, [53tsin3t]
is the general solution.

= —15e6t = 0

‘ [ iii. ] Solve the following linear system:

12



i 4x + 2
dac - T
dy
— = 4
o 2x + 4y
Solution:
%: x+by
We know that the auxiliary equation of the system is
i a,x+byy

givenby m’—(a, +b,)m+(ab, ~a,b)=0.
Therefore, the auxiliary equation of the given system is
mz—(4+4)m+(16—4) = 0.

Thatism? —8m + 12 = 0.

Thus, the roots of the auxiliary equation are 2 and 6.

Consider the equations:
24+ 2B =0 o
24 + 2B = 0 by considering m = 2.

A nontrivial solution of this systemis A=1and B = —1.
— p2t

x=e :
Thus, we have {y _ _p2tasa solution.

—2A+2B=0
2A—-2B=0"
ThisgivesA=1andB=1asa nontrivial solution.

— 6t
Therefore, we have {; _ zﬁt as another solution.

Similarly, by considering m = 6, we get {

Check that these solutions are linearly independent.
X =ce? + c,ebt :

Therefore, - 6t 18 the general solution of the
Yy = —cie " +ce

system.

Obtain the general solution of a system of homogeneous
linear first order O.D.E. with constant coefficients in two
variables, when its auxiliary equation has two real and
distinct roots

Solution:
Let m,and m, be distinct roots of auxiliary equation

m? — (a, + b)m + a1 b, — a,b, = 0 for

(FO=exOrbye -
y'() = azx(t) + b,y(t)
Taking,
{x(t) = Ae™
y(t) = Be™t
We get,

mAe™ = a,Ae™ + b,Be™ & mBe™ = a,Ae™ + p,Be™t
o (m_al)A_blB =O & a2A+(b2 _‘m)B =0

These are solvable with non-zero values to A & B provided

13



m-—a, —b

[ a; (b, —

m-—a, -b,
a; (b; —m)

1 5 W . .
m)] is singular i.e. provided

=01 E.mz - (a1 + bz)m + a1b2 - a2b1 =0

Essentially now only one equation is sufficient as the other equation is a

multiple of the first.

. B m-—a
»(m—a;)A— b, B = 0 gives -1 whenever b; # 0
1
Take A=bhyand B =m — q, 1
Then
t) = bje™
{y *(®) 1€ solves

(t) = (m—ay)e™
Taking m = m; and m = m, we get two solutions with Wronskian W (t)

blemlt (m1 . al)emlt

b1em2t (m, — a,)e™mzt = by (m, — ml)e(m1+m2)t =0

W(t) = |

asb, #0&m; #m,

Gives two linearly independent solutions and a linear combination of these

with arbitrary constants ¢, & ¢, gives the general solution 1
{ x(t) = c1bye™t + c,b ™2t
y(t) = ¢y (my — a;)e™* + ¢, (m, — a;)e™zt

Also (az)A+ (b, — m)B = 0 gives g = ma;bz whenever a, # 0
2
TakeA=m —b, and B = q,

_ _ mt
{x(t) = (m—bye solves *

y(t) = aze™
Gives similarly a general solution if a, =0
Butif by = 0 &a, = 0 thenm? — (a; + b,)m + a;b; — ayb; = 0 gives
m; =a,;&m, =b,

x(t) = cie®t :
{ Et; 1 byt 18 the general solution to * 1
y = ;e

Attempt any FOUR questions from the following: (20)

Verify that the following differential equation is exact and solve:
(y (1 + %) + cos y) dx + (x + logx — xsin y)dy = 0.

Here, M1 +i- siny = o exact 2
dy x ax
Solution is, ¢ = [ Mdx + [ N(terms free from x)dy
=[(y (1 +§)+cosy) dx = y(x + logx) + xcosy. 3
Solve: sin y dx + cos? xdy = 0.
Separating the variables, we get, 2
3

14




|
; '
/

c)
°

dx dy
cos?x  sinZy

sec?x dx + csc? ydy = Q.

Integrating we get, tanx — coty = .
Solve the differentia] equation y”' + y = 4 by the method of variation of

parameters,
Associated auxiliary e
Y1(x) = Cos x and Vs

quation of homogeneous system is x?

+ 1 = 0 hence
(x) = Sinx are the linearly independent solutions of

homogeneous system. Yo(x) = v, Oy, (x) + V2 (X)y, (x)
Is particular solution of non-homogeneous System. Now W (y,, ¥2)=1

v (x) = f —xSinx dx = xCosx — § inx

v2(x) = [xCosx dx = xSinx + Cosx - General solution s ¥(X),

Y(X)=Cosx + CSinx

Show that
x*y" + 2x

x%y" +
P+ Qx = 0, Where

Andy, =0

Clearly, x2y; + 2xy,
differential equation.
Similarly, for,

And y, = 6x—*
Clearly, x2y] + 25y,
differential equation.

Y = 61X + c3x72 is a solution of
‘—2y=0o0n any interval not containing the orj

+ (xCosx — Sinx)Cosx + (xSinx + Cosx)Sinx

in
2x 2

2xy' =2y =0 .-.y"+}3y'—x—2y=0
P=§§,Q=—;;Z.'.y1 =X is a solution cy =1

= 2y; = 0 therefore Y1 is a solution to given

Y2 =x72
_‘yzl = —2x3

= 2y, = 0 therefore ¥1 is a solution to given

Here y, and Y2 are linearly independent, also x = 0

“ ¥ = cx71 4 6,%5is a solution of x2y

containing the origin.

Show that both x;

solutions of the syst

Solution:

5t

) x
Consider.
y=e

Therefore,

and  3x+4y=6e™

”

—3xy'~ 5y =0 on any interval, not

2e*y, = 5 g4 X2 =ely, = —e~tare

= = 3x + 4y
em d

+4e5 =% =10e*
dt
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2x+y=4¢" +e¥=
ar

e 5t

x=2e¢ . .
Thus, { ,, satisfies the given system.
)_.- =g

Similarly, {I - e:_' consider. Therefore,
y=-
% =—e'and % =e
, . y & 3
3x+4y=3e" +4(-e")= E=—e
2x+y=2e"+(-")= % =e”

-1

=e ) )
Thus, {x _, oo satisfies the given system.
y=-e

Consider the Wronskian of the two solutions:
2e51 e—t
W= [ ’J =—3¢*

e —e

Since, exponential function never vanishes, W #0. Thus, these
solutions are linearly independent

f

Show that (—2e®sin 2t, e’ cos 2t) and (2et cos 2t, e’ sin 2t) are
Ly — 4y
linearly independent solutions of: ‘fit

—=x+y

Solution:

=—2e'sin 2t
Consider * ¢ sm .Therefore,
y=e'cos2t
ﬁ =-2 (2e’ cos2f +e' sin 2t) Q =-2¢'sin 2t +e' cos2t
dt dt

=-2¢'sin2t—4e'cos2t and =x+y
=x—-4y

=-2e'sin2t . .
Thus, * e satisfies the given system.
y=e¢' cos2t

. =2e' cos2t
Similarly, consider {x Ie »
y=e'sin2t

& = 2(—2e’ sin2f +¢e' cos 2t) 4y =2¢'cos2t +e' sin 2t
dt dt
=2e'cos2t—4e'sin2t and =x+y
=x-4y

16
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=2¢' cos2t ) )
Thus, { i satisfies the given system.

y=e'sin2t

Now consider the Wronskian of the two solutions:
—2e'sin2t 2e' cos?2t

e'cos2t  e'sin2t

=-2¢* sin® 2r — 2¢* cos? 2t

W=

=-2¢¥ (sin2 2t +cos’ 2t)

_ _2eZI

Since, exponential function never vanishes, we have W #0.
Thus, the solutions are linearly independent.

*Fkhok
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