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Q.1 | Choose correct alternative in each of the vahg (20)
i. |Agroup G is said to be Abelian if
(@) | Ox,yOG,xy = yx (b) | Ox,yOG,xy # yx
(c) | For somex,yOG,xy=yx | (d)| None of the above
Ans| (a)
ii. | The setQ) forms a group under the binary operation
(@ |+ (b)| ="
(c) | (d) | None of the above
Ans| (a)
iii. | Let D, denote the dihedral group. Them| =
@ |n (b) | 2n
() |n (d) | None the above
Ans| (b)
iv. | Let H be a subgroup of a gro@ then
(@) | Ox,yOH,xy*OH (b) | Ox,yOH,xy*0OG
(c) | Ox,yOH,xy™OH (d) | None of the above
Ans| (a)
v. | The order of O in the cyclic group of integé&rsinder addition is

@ |0

(b)

Infinite order

© |1

(d)

None of the above

Ans| (c)




vi.

Let G=C* be the multiplicative group of non-zero complexmuers and € G

then of) is
(@ |1 (b)| 2
() |3 (d) 4
Ans| (d)

vii. | Which of the following is false?

(@)

Any infinite cyclic group

has exactly two generato

(b)

[S

A subgroup of a cyclic group need nc

be cyclic.

Dt

()

There is only one
subgroup of order d wher
d is a divisor of n for a

cyclic group of order n

(d)

e

The multiplicative group of'* roots

of unity is cyclic.

Ans

(b)

viil.

LetG = (C*,-) andH = {z € C*:|z| = 1} then the cosets &f in G are

@ |{zeC:|z| =k}Vk (b)|{zeC:|z-w|=1}Vw € C*
€ R*
(c) |{zeC"|z+w|=1}vw |(d) | None of these
e C”
Ans| (a)
ix. | The number of group homomorphism frafq, to Z, is
(@) |6 (b) |7
(c) |8 (d) | None of these
Ans|(a) 6
x. | Which of the following groups are isomorphic

(@) | (Zy+) and V, (Klien-4 | (b) | (Z,+) and p, (4" root of unity)
group)

(c) |V, and u, (d) | None of these

Ans| (b) (Z,+) and p, (4™ root of unity)




Q2.

Attempt anyYONE question from the following:

(08)

the binary operation ‘+'.

I. Show thatz,, the set of residue class of moduldorm a group unde

-

Ans

First we prove that addition in Zy, is well defined

Supposea =candb =d
=a=c(mod n)and b =d (mod n)
=a+b=c+d (modn)

=a+b=c+d

= + is well defined in Z,.

Consider any ;, B, e Zn

a+b=a+belZ, .after modulo n

aiso, a+(b6+2) =7+ (573) <375
=(53%)v2-(3.45) oz

by properties of Z, g

=> + is associative

Now, 30 € Z, such that for anya ¢ 7
n

a+0 =a+0=a=0+2

= 0is additive identity in 7,

Also,VE € Zn, I =n-a € Z, such that
a+b =5+(n—a)

n—-a

+

=a

=b+a

ol

=n-=
= b is additive inverse of a

. (Zn, +) is a group. -

Prove that if foa0G,0(a)=m theno(a") :9-0-0'-—(”1‘()'

m




Ans

Consider (a¥)™ = (ak9)m;= (ak;)dm,
s (ak.l)m
.= (am)k |
=ek (as o (a) =m)
=e
(@)™ =e and o) =n

=n|m ol
Now,0 (@) =n = (akn=¢
= akn=e
Buto(@=m = m | kn
= mid | k;dn by (1)
=m|n as (myki) =1 1)
Thus, by (*), (**)  my=n
m
n=m =37 (by (1)
m m
= _—(m,k) Thus, n = —_(m,k)
; m
(ie) o(ak) =Tk ‘ (aso(a¥) =n)

Q.2

Attempt anyf WO questions from the following:

(12

b)

LetG be a group. Prove that
p) Identity element ofG is unique.
g) The inverse of every elementdns unique.

Ans

p) Let there are two identitiesand e’
xe=ex=e Vx€G
xe'=e'x=e' Vx€eG

~e'e=ee'=e andee' =e'e=¢’
~e=e’

q) Letx € G has two inversesy and y'
y=yte=y+x+y)=@+0)+y =e+y =y

3

If a? = e for everya in a groupG then show thaf is abelian group.

Ans

(ab)(ba) = ab’a =aea=a®* =e
But (ab)(ab) = e

By uniqueness of inverseh = ba

2

2

2

LetG = GL,(R). LetH = {A € G |detA = 2™, for somen € Z}.Prove

thatH is a subgroup of.

Ans

LetA,B € H - |A| = 2™andB| = 2™, for somen,m € Z




n

2
4B = |AlIBI™ = 5 =2

~ AB~! € H by 1-step test .

2

2

iv. |Leta=(125)(6135)ang® =(134)(265)(234) Writea andf
as a product of disjoint cycles. Further, verifg tollowing.
p)O(a) =0(a™)
q) 0(ap) = 0(Ba)
N o(afa™) = 0(B)
Ans|la=(13)(256),=(13)(2465)
al=(13)(265), O(a)=0( 1) =6 2
af = (24),Ba=(46),0(@ap) =0(fa) =2 2
afal=(13)(2654), O(afa)=0(B) =8 2
Q3. | Attempt anYONE question from the following: (08
a) |1 Prove that subgroup of a cyclic group is cyclic
Ans| Let G =(a) be a cyclic group and H be a subgrou@.of
If H={e} then H is cyclic. On the other hand itA{e} choose 2
x €EH, x # e.. x = d' for some g0
Sincex and x~1 are in H hence some positive power of a belongs
to H. Choose the least positive power say ) &H =~ ------ (1)
Now if beH then b=8 and we can write k=gm+r <G<m 2
- deHhencer=0..e @) - 2
Hence H=(8) --------------- [from (1) & (2)] 2
ii. | Prove that if G be a finite cyclic group of ordethen G hag(n)
generators.
Ans| Let G = (a) be a finite cyclic group of order n and le€ls5,
where b=4 and suppose b is a generator of G.
~ a=b*. a= (@™* ~ a™ 1 = e. But n is o(G) hence n divides |2
mk—1.-mk—1=nt.i.emk—nt=1
~ m and n are relatively prime. 2
Conversely let m and n be relatively prime.
=~ There exists x and y such tmat + ny = 1 1
nal = @Mty — qMmx gny — gmx 1

5




A

~a€(am) .~ Gc (a™), .1.e.Gta™) 1
Hence there ar¢(n) generators for G. 1
Q3. | Attempt anyT WO questions from the following: (12)
b) |i. Show that the group of positive rational numhbamder multiplication is
not cyclic.
Ans | Supposex & b are relatively prime positive integers and that
k

(%) = Q™ Then there is some positive integer k so (I:Z@t =2 2
k+0,1,—-1 1

If k > 1 thena*=2b* so that 2 divides. 1
Also ask > 1 hence 4 divides a and as a consequence 2 divides b
Which contradicts that & b are relatively prime. 1
A similar contradiction occurs ¥ < —1

Hean%) =Q" is not possible .i.e. Q*is not cyclic. 1

ii. | List all the elements &£,, that have order 10.

Ans| 4
3x4
x4
9x4 6

ii. | Show that an infinite cyclic group has exgdilvo generators.

Ans| Let G = @) be an infinite cyclic group and leed be another
generator of G, so that G = (b). Since & , b=a™ anda=b"
ca=a™.iea™ 1l =q%=e. 3
Since all powers af are distinct in an infinite cyclic group, we

3
havemn — 1 = 0. ~. m = +1, showing that & a~! is the only
other generator of G.

iv. | Show that if G is a group with more than p -eléments of order
where p is a prime then G cannot be cyclic.

Ans | There are two cases for G :

1. G is infinite cyclic 2. G is finite cyclic.
G cannot be infinite cyclic, since an infinite agcfroup has nc

O

two elements of prime order [all powers of the gatw elemen

[

6



in an infinite cyclic group are distinct]. 1
Now if G is finite cyclic then G can have only osebgroup for
each divisor of its order.
A subgroup of order p has exactly pl-elements of order | 2
Another element of order p will give rise to anatlsebgroup of
order p. This results in more than one subgroupradr p which is
not possible for finite cyclic groups. 1
Combining both the cases G is not cyclic.

Q4. | Attempt anyONE question from the following: (08

a) |1 Let H be a subgroup of agroup and a,b € G then show that
(p) a € aH (Q)aH = bH or aHNbH = @ (r) laH| = |bH|

Ans| (p) Sincee e H = ae € aH = a € aH 1M
(q) case (i) IfaHNbH = @ then done
Case (ii) IfaHNbH # @

Let x € aHNbH thenforh,h, € H
= x = ah; andx = bh, = a = xh]!
Let y € aH = y = ah = xh{'h = bh,hi*h € bH = aH S bH
Similarly one can showH € aH = aH = bH 4aM
(r) Define amapf:aH — bH by f(ah) =bh, he H
Show f is bijective map that giveaH| = |bH| 3M

Let f:G — G' is onto group homomorphism. Prove that

subgroup of¢ andkerf < f~1(H").

(p) If H is subgroup ot thenf(H) = {f(h)/h € H} is subgroup of’.
(q) If H' is subgroup ofG’ thenf1(H") ={a € G/f(a) € H'} is

Ans

(p) SinceH <SG andee H= f(H)S G'and f(e) =e' €
f(H)

Claim:xy~! € f(H) wherex,y € f(H)

For a,b € H such thatx = f(a),y = f(b)

Now xy~t = f(a)(f(b))" 1= f(ab™ 1) € f(H) asab "l € H

3M




~ f(H) is subgroup ofG’.

(g) SinceH’ € G’ andf(e) =e' € H' = f~1(H’) € ¢ and
e € f1(H") = f~1(H") is non-empty subset of;.
Claim: ab=t € f~Y(H') wherea,b € f~1(H")

As a,b € f71(H') givesf(a) =x€H',f(b)=y€EH =

xy~teH' 4M
Now f(ab™) = f(a)(f(b)) = xy 'eH =able 1M
fHH")
f~1(H") is subgroup ofG.
Let a € kerf = f(a)=e' € H = a€ f"1(H") = kerf C
fHH")
Q4. | Attempt anyT WO questions from the following: (12
b) |1i. Let H andK be two subgroups ofr. If o(H) = p, a prime integer, ther

show that eithetHNK = {e} or H C K.

Ans

Since H andK be two subgroups of = HNK is also subgroup

of G.

Further HNK € H = HNK is also subgroup oH.

By Lagrange's theoremg(HNK)| o(H) = o(HNK)| p
o(HNK)=1orp

If o(HNK) =1= HNK = {e}

If o(HNK) =p =0(H),alsoHNK € H givesHNK = H

Hence H C K.

6M

Show that every subgroup # G is a cyclic subgroup af.

Let G be a group of orderqg wherep andq are distinct prime integers.

Ans

Since H is subgroups ofz
By Lagrange's theoremg(H)| o(G) = o(H)| pq
As p and q are distinct primes andd # G = o(H) =1 orp

3M




or q
If o(H)=1= H ={e} = H is cyclic.
If o(H) =p andp is prime= H is cyclic.

If o(H) =q andgq is prime= H is cyclic.

M
M
M

Let G be an abelian group of ordeand(m,n) = 1, m € Z then show

that f: G — G defined byf(x) = x™,Vx € G is an automorphism.

Ans

Since(mn)=1=mp+nqg=1 for p,q eZ

Also o(G) =n = x"=e, y"=e foranyx,y € G
Thereforex = xt = x™Pt14 = xMPx"d = x™P | similarly
y=ym

As G is abelianf(xy) = (xy)™ =xmy™ = f(x)f(y)

= f is homomorphism

Now f(x) =f(y) =2 xM=y"=>x™"M =y" = x=y

= f is injective.

Let ye G = yP € G = f(yP) = yP™ = y = f is surjective.
Therefore f: G — G is an automorphism.

6M

iv. | Show that the magf: GL,(R) — GL,(R) defined byf(4) = (4")~!
IS an group automorphism.
Ans| Consider f(AB) = [(AB)!]™1 = (BtAY) 1 = (4H)"1(BY) ! =

f(A) f(B)
Let f(A) = f(B) = (A) 1= (B) ! =A'=B' = A =B

Let B € GL,(R) then (B~1)! € GL,(R) such thatf((B~1)%) = | 6M
B
Therefore f is an automorphism.
Q5. | Attempt anyrOUR questions from the following: (20)
a) | Define CenteZ (G) of a groupG. Show tha¥(G) is a subgroup of .
Ans | Z(G) = {x € Glxg = gx Vg € G} 1




Letx,y € Z(G) andg € G

xXyg = xgy = gxy
L xy € Z(@G)

Letx € Z(G)andg € G
xXg = gx

g=x""gx

gx 7 =x"g

~x e Z(G)

By 2-step test
Z(G) is a subgroup of .

b)

Construct composition table o/ (10) under multiplication modulo 10. Alg

find the order of each of its elements.

Ans

IENIIRY
©(~N|W|k|F
~N(R|olw|w

RIS ENIEN
Plw|~Njo|©

0(1) =1,0(3) =4,0(7) = 4,009) =2

How many elements does the group U(10) havehash. Also find order of

each element. Is U(10) cyclic?

Ans

U(10)={1,3,7,9}
0(1)=1, o(3)=0(7)=4, 0(9)=2.
As there is an element of order 4 which is the oodéJ(10), hence

U(10) is cyclic.

P W

d)

Show that a cyclic group is abelian.

Ans

Let GXa) .

Letx,y € G be any

~x=a" andy =a’

sx*xy=a’ xa’=a"" =a"" [Using + is commutative in integers]
=a’*xa =yx*x

-~ By definition G is abelian.

NN

Give an example of a groupand a subgrouf of G such thauH = bH but

10

o



Ha # Hb for somea,b € G.

Ans |G =S5, H={e,(12)} then fora = (13) and b = (123)

aH = bH = {(13), (123)} but Ha = {(13), (132)} andHb =

{(23),(123)} SM
= Ha # Hb

f) | Show that the mag: (C,+) — (C,+) defined byf(a + bi) =a —bi isan

group isomorphism.

Ans | Let x = a + bi then map can be defined #igx) = i«

Now fx+y)=x+y=x+y=f)+f()=fis
homomorphism

Supposef(x) =f(y) =x=y=Xx=y = x =y = f isinjective
Let y € (C,+) =y € (C,+) = f(¥) = y = y = f is surjective. oM
Therefore f: (C, +) — (C, +) is an group isomorphism.

*kkkk*%k
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