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Q3 | a) Attempt any ONE question from the following:
Let f: [a,b] = R be a bounded function. Prove that f is R-integrable on [a, b] iff
1 for any € > 0, there exists a partition P¢ of [a, b] such that
U(f,Pe ) - L(_f,PG) < E.
Ans | Proof: (=) Given f is R integrable on [a, b].

T.P.T: V € > 0,3 apartition P.of [a, b] such that, U(f,P.) — L(f,P.) < €.
Let, € > 0 be any real number, as f is R integrable,
=~ U(f) =L{)
Where, U(f) = inf{ U(f, P): P is any partion of [a, b]}
And L(f) = sup{L(f,P): P is any partion of [a, b]}
-~ for given € > 0,3 a partition P; of [a, b] such that,

U(f) SU(f,P) <U(P) +3 ¢))
Also, for given € > 0,3 a partition P, of [a, b] such that,
L(f) =< L(f,P) <L) or —L(f) < =L(f,P) < —L(f) +3 @)
from (1) and (2)
U)—L(f)<U(,P)—L(f,P) <U(f)—L(f) +¢€
20 U(f,P)—L(f,P,) <€ B) (~U()=L({)) ...3marks

Now taking P. = P; U P,,

~ULR)SU,P)& L(fL,R)ZL(f,P)(~PLE &P, CF)
~ U, P) —L(f,R) < U(f,P) = L(f,P;) <e  Dby(3)
~U(f,P)—-L(f,P)<e L. 3 marks
(<) Given: V € > 0,3 apartition P.of [a, b] such that, U(f,F.) — L(f,F.) <e.
T.P.T: f is R integrable on [a, b].
ie. TP.T: L(f) = U(f)
V¥ € > 0,3 apartition P. of [a, b] such that, U(f,P.) — L(f,P.) <€
We know that, U(f) < U(f,P.)& L(f) = L(f,P.)

0= U — LA S U R) - L, B < (-~ UK = L)

~0<SUf)—L(f) <e ...2 marks
=~ U(f) = L)







If f is an R-integrable function on [a, b] then prove that | f; f | < f:l fl

Ans

Proof:

Given: f is R integrable on [a, b].

Claim: |f] is R integrable on [a, b].

Let P = {Xg = @,X1,X3-- e ... Xn = b} be any partition of [a, b]

Let M; = sup{ f(x) : x € [x;-1,%;]} and M; = sup{|f|(x) : x € [xi—1, %]}

m; = inf{f(x) : x € [x;_, %]} and m; = inf{|f|(x) : x € [x—g, ]} , i =12,...7m.

To show that,
M,—m;<Mj—m;, i=12,..n

Let, x,y € [xi—1, X;]

m; < f(x) < M;

m < f(y) < M;

amy =M < f)—fO) s M —my
—m =M S fl) - fO) S Mi—-my
Consider,
IFG) = 1f(x) = fFO) + F)
<) = fOI+ IF I
< M;—m; +|f()|
Here, y € [x;-1, %]
L F GO < My —my + [f ()], VX € [xi-1, ]
. M; —m; + |f ()lis an upper bound of {f(x) : x € [x;—1,%;]}.
oM < M; —m; + |[f()], (+ M;'is least of upper bound)
A M= My+m < | fO)LY Y € [xi-1, %]

= M; — M; — m;is lower bound of {f(x) : x € [x;—1, xi]}-
= M; — M; + m; < m;'(~ m;'is greatest lower bound)
A Mj—mi<M;—m; i=12,..n ... 3 marks
Multiplying above relation by (x; — x;—1) and adding above n relations we have,

u(lf1,P) = L(f1,P) < U(f,P) = L(f,P) (*)







As, f is R integrableon [a, b].
Hence, for given € > 0, 3 partition P. of [a, b] such that,

U(f,P.)—L(f,P) <e

~ by (%)

U(fL,P) — LAfLP) <€
~ |f | is R integrable on [a,b].  ......... 3 marks
We know that,

—1fG < flx) < If(x)| Vx € [a,b]

—fablfISLbefablﬂ

.-.|fabf|sf:|f| .............. 2 marks

Hence, proved.

b)

Attempt any TWO questions from the following:

Let f:[a, b] = R be a monotonic increasing function. Show that f is Riemann
integrable on [a, b].

Ans

Claim: if f is increasing function on [a,b] then f is R integrable.
Let P ={xg, Xq,** **- *=* =*+, X } be a partition of [a,b]
As fis increasing on [xi.1 xi] such that Mi=f(x; ) and mi=f(xi.1) where

Mi= sup{f(x)/x € [xi1xi] } & mi=inf {f(x)/x € [xi1xi] } veven.2Marks
UGP, f)—L(P,f) = Y (Mi —mi)(x; = x-1) € ) (60x) = G- )IP
i=1 i=1

= (f(b) — f(a)) IIP|l

(3
Select P such that ||P|| < f(b)— f(a)+1

Hence U(P, f)—L(P,f) < m (f(b) —f@) <€ s 2marks

LetP={2,2.2,24,2.6,2.8,3 } be apartition of [2, 3] and f :[2,3] — Risa
function such that f(x) = 2x + 4 then verify that L(P,f) < U(P,f)







Ans

f(xk) = 2x,€ + 4 X — Xpg—1 = 0.2

Interval my M m(x, —x,;) | M, (x, —x,_)
[2,2.2] 8 8.4 1.6 1.68
[2.2,2.4] 8.4 8.8 1.68 1.76 oy
[2.4,2.6] 8.8 9.2 1.76 1.84
[2.6,2.8] 9.2 9.6 1.84 1.92
[2.8,3] 9.6 10 1.92 2
L(P.f) =Y m(x,—x,,)=88 UP,f) =D M (x, —x,,)= 9.2 2M
k=1 k=1
Therefore L(P,f) < U(P,f) 1M

111.

Let f : [-1,1] > Rdefined by f(x) =x if x €[-1,1]NQ
=0 ifxe[-1,1]\Q

Check whether f is Riemann integrable.

Ans

1-(-1
Divide the interval [—1, 1] into 2n equal parts each of length z(n ) -1
Let P = {_1, 143, -1+ S 210212, Nty 1}
n n n nn n

Let my, and My ,k = 1 ton be infimum and supremum of f respectively on [— 1,-1+ %],

[_1+_1_’_1+3 | sEeme ’[_1+”__1’0]_
n n n
—my=-1, m=—1+"", k=2ton ad M,=0 k=1ton M
Let mj, and My, k = 1 ton be infimum and supremum of f respectively on [0,%],
E%]’ ...... '["_;1,1] =m,=0 M,=FK/,, i=1ton M
n , 1 1 n—1
L(P,f) = Z(mk+mkxxk—xk_l)=— —1+|=-1+=|+-+| -1+ +0+---0
k=1 G n n
-1 1 1 1
=—2[n+(n—1)+ ...... +2+1]=__ I+—| = L(f)y=—= 2M
n 2 n 2

U, f) = i(Mk +M,;Xxk —xk_1)=%[O+---+O+l+g+---+ﬁ}

P n n n







1 n(n+l) 1 1 1
=— =—|1l+=-| = U =—-—= IM
n 2 2( n] () 2

~ L(f) # U(f) = f is not R-integrable. IM

1v.

Show that the function f : [0, 3] — R is Riemann integrable, where

fy=1/, foro<x<1
=2 forl<x<2

=5 for2<x<3

Ans

For any € > 0 By Archimedian property, 3 n O N such that n> 9/ e = 9/n <E€
IM

LetP = {0,1—1/p, 1+ 1/,2=1/,,2+1/,,3} beapartition of [0, 3]. M

Let my and M, be infimum and supremum of f respectively on sub-intervals of [0,3]

U, f)— L(P.f) = i(Mk —m )%, — %) 1M

b G R G G G

=0+§xz+0+3x—2—+0=2<e 2M
2 n n n

~ f is R-integrable on [0, 3]. IM

Q.4

Attempt any ONE question from the following:

(1)Let f :[a,b] —> R be continuous and g(x) be R-integrable on [a,b] such that If
f'(x) =0,Vx[a,b] then show that f is constant function on [a,5].

b b
(2) g(x) > 0,Vx. Then show that 3c & [a,b] such that [ f(x)g(x)dx = f(c) [g(x)ax

Ans

(1) since f'is continuous on [a,b] = fis bounded on [a,b]

m< £(x)<M = m[g(adr< [f()g(xdx < M [g(x)x

= [F(0)gx)dx = u [g(x)dx (1







Being continuous f takes every value between m and M
~.dc e[a,b] such that f(c)= u .from eq (1) we get the result .

since f is differentiable hence continuous on [a,b]
Therefore LMVT holds Vx €[a,x],x<b

:.3Je e[a,b] such that f/(x)= M = f(x) = f(a),Vx = f is constant function.
)

ii Show that | ;0 x™ e *dx is convergent iff n>0. Also show I'(1) = 1.

Let f(x) = x™1e™*.
0 is the point of infinite discontinuity of f if n < 1.
Let [ 0°° f(x)dx = fol f()dx + |, 1°° f(x)dx. (2 marks)

Converges at O:
I f(x)
m

xl—'n ) xl—)o g(x) -

g(x) = 1.

An Since fol g(x)dx converges iffl —n < li.e.n > 0. (2 marks)
s

Converges at 1:
For given n and large values of x, we have e* > x™"l1 e <x™ 1

n-1,—x n—-1,-n-1 _ i
x™" le < x™1x ==
. co 1 L) -1 -
Since [ —dx converges, [, x" e *dx Vn. 2 marks
1 x2 1

[ve]

r(y) = f e =[—e*]y = 1.
0

b) Attempt any TWO questions from the following:

1
1+e*

dx.

1. By using comparison test ,check the convergence of integral I
|

! dxsjidx
l1+e° ; g

e

=
l+e" 2e" = J.
1

Ans | =~ %1 1
Since I— dx = — = convergent.
Je’ e

11, Let x= J &
0

] 52

. 2
y 2 0.Show that fo =y.

)
14 y? dx

Ans | differentiate with respect to x, we get 1=







y &
1+y2 dx

dy 2 dzy
Z=\l1+y’ = =
x e

a

Put the value of Ey in above equation ,we get the result.

Express [ x™(1 — x2)" dx in terms of beta function.
P 0

1.
z=x%dx=——.1= | z2(1=-2)"—===| zz 1—-2)"dz==p|—n .

Ans 2\/z b 2z 2), 2 2

_ Use polar co ordinates to find the volume of the solid above xy- plane bounded by

V- | the paraboloid z = 12 — 3x% — 3y2.

Ans Volume=f02n fol(l —r2)rdrdf = g

Q.5 Attempt any FOUR questions from the following:

a)

Ans

b)

Ans

) Prove that the function f : [1, 3] — R defined by f(x) = x — 2 is Riemann

c

integrable and evaluate | 13 f(x)dx.

Ans Since f is continous on [1, 3] = f is R-integrable on [1, 3]. M
Let P = {1 = xg,%xq,* ==+ ==, X, = 3} is partition of [1, 3] into n equal parts.
xk—xk_1=2/n and xk=1+2k/n 1M

A n N n 2
[ F@dx = lim > £ )06 =)= lim > (x, ~2)> IM
’ k=1 k=1
= lim 2 Z[ 5—1] =lim—2—[gm—n] =0 M
h—>0 n k=1 n n—o n n 2
a) Using Riemann Criterion, show that the function f : [0, 1] — R defined by f(x) =

x + 2 is Riemann integrable.







XD

Ans Forany € >0 Claim:U(P,f) — L(P,f) <€
By Archimedian property, 3 n & N such that n> 1/€ = 1/n <€ IM
LetP = {0, 1/,,2/y, -, 1} be a partition of [0, 1].
Xk = Xk—1 = 1/11 and x, = k/n
Since f is increasing, hence M = x, +2 and my = x,_; +2 M
UP,f) = L(P.f) = 2 (M, —m ) = %p1) = D00 = %)% = %) IM
k=1 =1
=31l o1 <e IM
mhnn n
~ f is R-integrable. M
00<x< !
Let £ :[0,1] &> R such that f(x) = . and F :{0,1] > R such that
- 1, % <zx<l
e) F(x)= I f(x)dx Discuss the continuity of f and differentiability of F at x = % .
0
Examine whether '/ (%) =f (%) .
S limf(x)=1and ..]ym f(x) = 0implies f is not continuous.
x—>%+ x—)%_
F(Y,+h)-F(Y) 1 2 12
F' (V) =1; /2 2" _im= [f)dx=1im= [ldx=1
ane | 0P lim—= = limy, 7 =limy, |
SE )= ()
) Reverse the order of integration and evaluate [ 01 f;’z xdxdy.
1,y 1 Vx 1
Ans f f xdxdy = j f xdydx = —.
0 Jy2 0 Jx 15
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