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M-2 Soum SET-1 e 400546

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.

(ii)Figures to the right indicate marks for respective parts.

Q.1 | Choose correct alternative in each of the following (20)

i. | The number of elements in Sg is
(a) 16 (b)| 120 '
() | 720 (d)] 36
Ans [ (¢c) 720

ii. (1 Z 3 4 5 __(1 23 45 :
Ifo= (5 3 4 2 1), = (2 3 1 5 4')then (com)(4) =
(a) |3 (b) |1
(b) |2 (d]5
Ans | (b) 1

iii. | Signature of identity permutation in S, is
(a) |—1 (b)| 0
(c) |1 (d) | Depends on n
Ans | (c) 1]

iv. | For the sequence a,, = 6(1/3)", a4 is
(a) 2/25 | (b) 2/27
(c) 2/19 (d) 2/13
Ans | (b)2/27

v, | [f X, Y are finite sets and there is an injective function f: X — Ythen
@ [[x]=]Y DIIE(E

B (c) X|=1Y (d) | None of these

Ans | (b) [X[<] Y]

vi. | Let S(n,k) denote the Stirling number of second kind on #-set into k-disjoint
non-empty unordered subsets, then S(n, n)is
(a) |1 0
() |n (d) | None of these
Ansj(a)l

vii. | What is the minimum number of students required in a discrete mathematics
class to be sure that at least six will receive the same grade, if there are five
possible grades, A, B, C, D, and F?
(a) |25 by 6
(c) |26 (d) | None of these
Ans | (¢) 26

Uiii. | In how many ways can the letters of the word HAMMER be arranged in a
row?




|

ix. \Forn>2, ¢ n) is
-W
- 0dd number None of the above

(b) Even number
Which of the following 1

Prove that any permutation in Sp €
disjoint cycles.

Let S, denotes set of all pe
Letg € Sp. _

If ¢ is identity then o = (1) ... (") [required disjoint cycles).

rmutation on 5 = {12, n}.

[f o is not identity then ,

first put down cycles of length one with the help of element which
are remain unchanged under 0.

Now choose any element from the set say X (other than cycles of
length one). Permute 0 on X until we reach 10 X again.

If the permutation takes all the element {hen we get a cycle 5ay
C, = (x,0(x), o2 (x), .o" (%))

Thus above cycle along with cycles of length one which are
required disjoint cycles.

1f above permutation does not take all elements , then choose the
another element say ¥ which is not already used and repeat the
game above process. After a finite number of steps , the process
will terminate as there are only finite element in S.

Thus we get product of disjoint cycles.
Define Linear Homogeneous [ecurrence relation of degree .
Show that if the characteristic equation xZ-—ayx—az < 0 of the
recurrence relation h, = G1hn-1 T %2 h,_,hasa single non-zero roots
1 4 ¢,nqy isthe generalsolution of the recurrence




Definition: (2 marks) -

Given recurrence relation by, = @1 hp-1+ azPn2 - (1)
its characteristic equation x* — @;x —@z = 0 ..{2)
As g, is root of (2) then g2 —asqa = a2 =0

= ¢l = g T

h, = C1d) + G5
= Clqgtlﬂz-%z + Cznqr_z-fhz

= ¢, qv % (a1 T+ az) + c,ngl 2. (aqy az)

=y + G-z ()
Equation (3) satisfies the equation (1).

Attempt any TWO questions from the following:

23456789)
51837962

(1) Express @ in one row notation. (I} Find the inverse of 0.
(11I) Express 0

(2M+2M+2M)

()o=(148679253)
. {1 23 456 7 8 9

(-H)"l"(3 9 5 1 2 8 6 4 7)

(mo = (13)(1 51 2)(19)(1 7)(16)(18)( 4)

Or

o = (14)(48)(86)(67N(TNC 2)(25)(53)

Sign(c) =1

Define even permutation an

For the permutation & = }L

as a product of transposition and find the sign of 0.

d odd permutation.

Show that :

(I) A product of two even permutations {s an even permutation.

(1) A product of even permutation and odd permutation 1s an odd

permutation.

Def. : Even permutation (1 mark)

Def, - Odd permutation (1 mark)

(I) (2 marks)

@, § — even permutations , then & = 2p B =2k
Where p , k are no. of transpositions.

g =72p+2k=2(p+k




~ aff iseven. ‘ j
(I} (2 ,arks) ‘

p — even permutations and o — odd permutation ,
then=12n ,0=2m+1
Where p , k are no. of transpositions.
wpo=2n+2m+l= 2(n+m)+1
s po is odd.

iii.

Find recurrence relation and give initial conditions for the number of bit
strings of length » that do not have two consecutive 0's. How many such
bit strings are there of length five?

Ansl|a, = ay_ytan2. 4 =2,8,=3
v. | Solve the linear homogeneous recurTence relation
h, = 5hp—1 — 6hn—2 ho = 1,h; = 0 by using characteristic equation.
Ans n=3><-2"+(—2)x3“ :
(Q?). Attempt any ONE question from the following: (08)
a) |1 Define countable set and give an example of the same.. Also show that
the set of all integers is countable.
Ans | Def: A set which is empty, finite or denumerable is calied 2
countable set. The set of integers is a countable set.
1
The set Zis infinite set.
1
If we show that there is a one-to-one correspondence between N to
7 then Z will be countably infinite.
Define f; N — Zas
fin)= % if nis even
= % if nis odd
4

We can show that function /. N — Z is.one-one and onto

Therefore, Z is countable.

State the recurrence relation for S(n, k) and find the value of S(7, 4).




T TAns [StnK) = S(n— Lk —1) + kS(n—L,k), where2 < ke <n = 1 |1
S(7,4) = 5(6,3) + 45(6,4)
$(6,3) = 5(5,2) +35(5,3) 1
Now S(5,2) = 2°1—-1=15 L
$(5,3) = 5(4,2) + 35(4, 3)
Now §(4,2) = 2*1—-1=7
Also, §(4,3) =C(4,2) =6
Thus, $(5,3) =7 +3X6= 25
Hence, S(6,3) = 15+ 3 x 25 =90 3
Now, §(6,4) = S(5,3) + 45(5,4)
5(5,3) = 25, calculated already.
And S(5,4) = €(5,2) = 10.
So, 5(6,4) =25+4X10= 65.
Hence,
S(7,4)=90+4x65=90+260=350 3
I I
Q3. | Attempt any TWO questions from the following: (12)
b) |i. | Show that interval [0,1] is uncountable.
Ans | Consider aset A={ l/n,n€ N} 1 4‘
N is infinite so A is also infinite 1
Therefore, A is infinite, then [0, 1] is infinite.
Using contradiction prove that [0,1] is uncountable 4

i, | LetA={a,b,c,d}. Find Stirling number of second kind fork=1,2,3,

4 by actually partitioning of 4 into & parts.

Ans | Let k= 1. Then {{a, b, c, dy} is the only partition possible. Hence,

S4, 1) =1.

(d, {a, b, c}}, {{a, b}, {6, 4y}, {1a, c}}, {6, di}. {{a db, 10,
¢}} are the only partitions. Hence, S@,2)=1.

Let k =3. Then, {{a, b}, {c}, {}}, {{a, c}, (b}, {d}}, Ha. db
{b}a {C}}9 {{b: C}a {d}s {a}}> {{b: d}s {a}a {C}}, {{C‘, d}s {a}a
{b} }are the only partitions. Hence, S(4, 3)=6.

Lei k = 2. Then, {{a}, {b, ¢, iy, {4b), {a. ¢, d)}, {el, {a, b, di )

I

1

S



Finally, let k = 4. Then ({a}, (b}, {c}, {d}} is the only partition
possible. Therefore, S4, 4) = 1.

iil. | Prove by mathematical induction S(n,n-1)="Cx

Ans | P(1) is true, P(2) is true
Assume the result is true for p(m)
Hence prove p(m+1)

iv. | How many different 4-letter radio station call letters (upper case) can be

made

b) if repeats arc allowed (but the first letter is a K or W).
¢) starting with K or W) with no repeats and ending in R?

a) if the first letter must be a K or W and no letter may be repeated?

Ans | a) 2 x 25 x 24 x 23 =27,600
b)2 x 26 X 26 x 26 = 35,152
)2 x 24 x 23 = 1,104

[ A R o8

Q4.

Attempt any ONE question from the following:

(08)

1, Prove by giving Combinatorial argument:

o (1) ) =" 77)

Ans | Let T be a (m + n)-set with m objects of type 1 and the remaining
n objects of typell.

We will find the number of r-subsets of T in two different ways.
We know that the number of r-subsets ofa (m + n)-set

is(™ : M ®

Any r-subset of T will contain k number of objects of type 1 and
the remaining r — k objectsof type 11, where 0 € k <.

The number of ways by which we select i objects of type 1

IS(?;:) and the number of waysby which we select 7 — k objects of

type 11 is.(r E k)'

So, by the Multiplication Principle, the number of ways by which
we select k objects of typel and + — k objects of type 11

5(3c) (= ) |

is\ j, )

Now, since k canbeQorlor.. or7. +by the Addition Principle,




the number of r-subsets of T is k=g (?;:) (r 11_ k‘) . (K%)
From (*) and (**) we have S0 (?;;') (r 2 k) = (m :_ n).

ii. Show that number of non-negative integer solutions to the equation
Xy + Xob o X = nis(n-}tf; 1)

balls among k persons, each one getting xy, Xz, - -» Xk balls
respectively.

ie.x; 2 1,fori=12 .k .
Keeping all undistinguishable balls in a line.

.

a total of n — 1 gaps.
RRIIRV. ... .. ® ®®® (nballs,n—1 gaps)

partitions.
This can be done by G: : D numbers of ways.

persons are (}: : 1) (1)

Adding k to both sides of the equation,xy + X2+ ... ¥Xg =1
we get, :
Xy + Xt X HE= n+k
" (x1 + 1) + (xz + 1)+(xk + 1) =n+k
Putx, + 1=y, Xz +1=Yz- X+ 1=y we get,

v, + Yot TV =n+k,(2)
hereeachy; =2 1,i = 1,2, ..k,
equation (2)has (n _;;
Aseachy; = x; + 1,0 = 1,2,....kiey; =1
Sx+121,i=12,..k
>x=20Vi=12....n
~ number of non-negative integer solutions to the equation

X, Xt X =T is-(n')tﬁz 1)

1

Ans | Above problem is equivalent to, distributing n undistinguishable
First let us consider the case when each person ges at least one ball,
If we consider a gap between two consecutive balls, then there are,

Now out of n — 1 gaps if we select any k —1 gaps, there will be k

- number of ways n undistinguishable balls are distributed among k

Now we shall discuss the case when each x; = 0 (non- negative).

ﬁ I 1) positive integer solutions, [by (L]

Attempt any TWO questions from the following:

7

(12)

i



i State Pascal’s identity and prepare Pascal’s triangleup ton = 7.
Ans | Pascal Identity: Letn and k be positive integers, then
n n—1 n—-1
(1) =( k )+(k‘-—1)'

nklo |1 |2 |3 |4 |5 |6 |78
1 | “ ‘
2 1 12 |1
3 1 |3 |3 |1
4 1 14 [6 [4 |1
5 1 |5 |10 110 |3
6 1 |6 |15 |20 |15 (6 |1
7 1 |7 (21 |35 [35 |21 |7 I

ii. |10 people including 2 who do not wish to sit next to each other are to be
seated on a round table. How many circular seating arrangements are
there for them to sit?

Ans | Let the ten people bePy, Py, ..., Py, where Py and P, are the two
people who do not wishto sit together.

The total number of circular permutations is (10 — 1)! = 9L
Now first we will find the number of circular permutations in
which P, and P, are together.

If we want the number of circular permutations in which P; and
P,are together, we have to considerP; and P, together as one
person.

So, now there are 9 people and there are 8! ways by which we can
be arrange them in circulararrangement.

Now these 2people can be arranged among themselves in 2 ways.
So, the total number of ways by which we can arrange these 10
people in a circular manner so thatP, and P, are always together is
2 X 8L

Hence, the total number of circular arrangements in which P, and
P,are not together is91 — 2 x 8! = 81(9— 2)= 8!x7.

iii. | A professor in a Discrete Mathematics class passes out a form asking
students to check all the Mathematics and Computer Science courses
they have recently taken. The finding is that out of a total of 50 students
in the class, 30 took Precalculus; 16 took both Precalculus and Java, 18
took Calculus: 8 took both Calcutus and Java; 26 took Java, 9 took both
Precalculus and Calculus and 6 took all three courses. How many
students did not take any of the three courses?




Let A = Set of students who have taken Precalculus.

B = set of students who have taken Calculus.

¢ = set of students taken Java course.

~ Al = 30,|B} = 18, ICl =26, lAnB NnCcl==6
|AnBl=9, |AnCl =16, |BnCl=38

= By inclusion exclusion principle, number of students who have

taken atleast one of the courses are

jAuBuUC|

C
| —
=30+18+26-—9—-16—8+6
Total number of students are 50.
| — 50 — 47
=3

=|A|+ Bl 1€ |AnBL4AananCH4Aanﬂ
= 47
Number of students who did not take any of the three courses
=50-|AuBUC]
Determine the total number of integral solutions of
X1 + x5 + x3 = 12 Withxl e _'2, X2 = 4 andxg = 2.

Given that x; = —2, X2 2 4 andxz = 2
Letx; =y1— 2 X2 = y, + 4, andx; = Y3+ 2,

2 Y1, Y2¥3 20
nXyF Xyt X3 = 12 becomes,
ypty2 t¥3 = 8, we have,

k=3 n=8 |
- qumber of non-negative integral solutions for y,ty2+¥s = 8

are (n +k - 1) ='(8 -:13' '3:.—1" 1)

k-1 =(§U

45
~ons from the following: (20)

2 3 4) find whether a o 8 = Boa.

4 1 3

Suppose that a person deposits Rs 10,000 in a saving account at @ bank
yielding 11 percent per year with interest compounded annually. How much
will be in the account after 30 years? Solve using an appropriate recurrence
relation.




Ans | a, = (1.11)" a,_4
asp = 10000 X (1.11)%° =~ 228923

¢) |In Algebra class, 32 of the students are boys. Each boy knows five of the girls
in the class and each girl knows eight of the boys. How many girls are in the
class?

Ans | If we put each boy in rows and each girl in column. Then total of each |2
row is 5 and there are 32 rows.

total number =32 x 5= 160

Since each girl knows eight boys,. Let there are n girls 2
total number = 8n
&n=160
Number of girls = 20 . 1

d) | State strong form of Pigeonhole Principle (Extended Pigeonhole Principle).
Show that among any five points inside an equilateral triangle of side length 1,
there exist at least two points whose distance is at

1
most —.
2

Ans |Letqi, qz......... (o be positive integers. If qi+ g2 +.......... +qn—n+1>0
objects are put into n boxes, then either the first box contains at least q;
objects, or the second box contains at least gy objects, or the n® box
contains at least ¢, objects. 1

Split the equilateral triangle ABC into 4 smaller triangles by connecting | 1
the midpoints.

Each of these small triangles is a pigeonhole and the five points are

pigeons, Therefore, at least one of these small triangles must containat | 2
least two points.

Obviously the distance between such two points is at the most —;— 1

e) | Find the term that does not contain x in the complete expansion of
4 :
1
(x> +x+2).
X

4
Ans By Multinomial theorem (_xz +x+ -11;) =

4 . n
Zn gty =4 (n ) (xZ)ﬂ_j.xnz (i) 3 =

n
Ny,Ng M3 (20) 112, s

2ni+n;—Ng

nitn,+rg=4 :
E e nlln-21n3)

ny,naM,(20)

10




@

To find the term that does not contain x we must have 2ny + 7z — 73 =
0 in additionton 4 + Ny + M3 = 4 and ny, 12, N2 (= 0).

The only values of 1y, 12, and n, satisfying these constraints is n; =
0;n2:=2;n3=:2.

~the only term that does not contain x in the complete expansion of

(2 +x+2) s (g02) = =8

Find ¢ (2400).

$(2400)
— ¢(25_31_52)
= ¢(25)¢(31)¢1(52)

= 2400 (1 - %‘) (1 ‘2_'3')4(1 - %)
= 2400 (%) (52 (g)

= o —_—
2400 15

= 640

khkEE
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