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(3 Hours) [Total Marks: 100]
Note: (i) All questions are compulsory.

(if) Figures to the right indicate marks for respective parts,

’El Choose correct alternative in cach of the following (20}

L i. LetS.={(x,'y)EﬂRz/x>0,y>0_,_x+y<1},then5is
(a) | An open set (b) | Closed set

(¢} | Neither open nor closed (d) | None of these

Ans | An open set

4

ti. | The largest directional derivative of fCay) = x*y? at the point (2, 3) oceurs in the direction of

@ |i+j+k by |i—j
(€) Ji+j (d) | None of these
Ans i+ |
HL | f(x.¥) = 1 - x% — 32 The unit vector in the direction in which f decreases most rapidly at p =
(-1,2) is
@ [1 =~ ' ® | Z@-2)
—(i+2 L=
N ) V5
(c) . @ t1r
——(i+2 —(—i+2/)
Ans | 1 .
—(=i+2))
\/g( ]
W | U f(ay)= x| +yl,v(x,y) € R? then
af L af . Y |ef 2
[ (a) % and é exist ¥(x,y) (b) 55 = a—’; = 0 at (0,.0). ]
_
¢y |9 _ 9 _ d |or i
(c) % =5y = 0, v{xy) (d) 3, does not exist at (0, 0).
Ans :—i does not exist at (0, 0),

Vo JIf f:R® > Ris a differentiable function such that ’2‘5 = 0 ,then

(@) | f isindependent of x and z b)) |fF depends on x and z only

(¢} | fis constant (d) | None of these.

Ans | f depends on x and z only




>,

vi. | Gradient of a scalar field f(x,y, z) = x2 + XYz is ...

(@ | (2yzxzxy) (b) | 2x +yz,xz,xy)

(©) | (2xz, xz xy) @ | (x+y,xzxy)

Ans | (2x + yz,xz,xy)

vii. (Letg: [0,1] - R™, g(t) = u, + twy where 1y , vy € R™ is differentiable function and F =
fog: [0,1] — R™,then F'(t) equals

@) | DF(t)(wp) (®) | Df(up + two)(wo)

(©) | Df(ug + twg)(vy + tvg) @ (D) (up + vy)

Ans | Df(ug + tvp)(vp)

viii. | The linear approximation to e*cos(y + z) near the ori in is
PP y g

(a) | Independent of x. (b) | independent of y

{c) | independentof z @ |1

Ans | Independent of x.

x. | fx,y) =x2 — 4xy + y?

(@) |(2,2)is a critical point of f (b) | (1,1) is acritical point of £,

(¢} [(0,0) is a critical point of f (d) | None of these

Ans | (0,0) is a eritical point of f

x. | The shortest distance from the origin to the plane x —2y — 2z = 3 is

@ |1 ®) (2
) |3 (d) ?\Ione of these
Ans |1
Q2. | Attempt any ONE question from the following: (08)

aj | Let f, g: R* — R be two real valued functions. Let ¢ € R™such that xlina f(x)=land

lim

=m.T ing € — & definition that
X o a g(x) = m. Then prove by using ¢ efinition tha;

xlina(élf +3g)(x) = 41 + 3m.
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ii.

Let S be a non-empty subset of K", Let f,g:5 — R be two scalar fields, Let

a=(ay,ay,..,a,) €8, If%(a) and 56',% (@) exist fori = 1,2,

;,%(f-g)(a) =f(a)§§_(a) +g(a)g;(a)

Ans

a ! T (f'g)(alfa-b"'laf +h¢"'tan)_~(f-gj(al-‘ aZ!'"’an)
5%, 9)(@) = Jim =

-, 7, Then prove that,

= lim (f)(ale dy, ...,y + A, ..., an)(g)'(al':az, B TR L an) - Uj(a]_a ay, ..., an)(g)_(ala s, ..., an)
H—=0 h
(f)(ap oy + R, L, an)(g)_(al, v+ R, L, a,) — (f)_(al, - a;+h, a“)(g)(al”
UFXay,..,a, +h, ..., a,){g)(ay, .., a,)
= lim —(N(ay, ... a,)(g)(a,, e, W)
A i

8 9
= f(a) a—;{’%(‘a) + g(a) ?3]% (a)

o

b)

Attempt any TWOQ questions from the following;

(12)
1. . . . lim
Use definition of limit to prove that xy) - (-1 —'1)le +lyi=2
Ans A , .
r2 y, 1) Ve J-Lf?\w&ﬂdw ‘-:‘— 1{1,4.'& €o Prove At
i van 111419t = 5,
Gyl 15
*hf: COWJ\‘M

I L CIMSTE (R

< [1ee) - Vyns )
g g ,-ull+ ) tapg)- (-1 ]

= 2 W gd- Gyl
) i

Arr Evo, clhiase ps &y 7o

o & [ gjmt-,-0 11 € 5 =2 [ iby) -2t ¢ 2xg =
2 A

oM M Hs = 2 @ et
Qyla -0

.

Prove that every linear transformation T: R* — R™ is continuous on R".
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Ans 5., 0
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iii. | Define directional derivative of a scalar field f at a point a in the domain in the direction of
u. Calculate the directional derivative of the function [ F6y,2) =3x2 - 3y2 + 322 o
(1,2,3) in the direction of (0,1,0) using the definition and also using the relationship
between directional derivative and partial derivative,
Ans || D,f(a) . fla+tu—~ f(a) ' 7
et t
i (123) +£(0,1,0)) - £(1,2,3)
- tl-lart} t
i B = 3(2 + £)2 + 3(3)%) — (3(1)2 - 3(2)2 + 3(3)%)
- tli[(} t
. —12¢t - 3¢2
=lim————
t—0 t
=-12
D,f(a) | =(Vf(a),u)=-12
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X+2y+3z

If sinu = Nl (x,y,2) # (0,0,0). Then prove that

6u+_ du 6u+3 =0
xax y6y+Z§E tanuy =

Ans

8x”

VA + Y8 428 — (x4 2y +37) 8%
g ( )2,/3:3 +y® + 28
COSU— =

0x (VB + 8% zB)z
7
VA +y8 +28(2) — (x + 2y + 3z) 8y
23x% +y8 4 58

du
COSU— =

- 2
Iy (V*¥+7% 1 28)
VA% +y8 4 28(3) — (x + 2y + 37) 8%
du 2,/x8 3 y8 4 78
CDSU.‘a_' = 2
x (Vx® +y3 +25)

3u+ 0u+ au__ 1
*ox yay 292 = Cosu

(sinu - 4siny)

. L du du du _
"X t¥a tzs +3anu=0 (3)

Q3.

Attempt any ONE question from the following: {08)

i

When do you say that a function f:R™ = R is differentiable at ¢ € R™? Show that such a

function is necessarily continuous at a.Is the converse true? Justify your answer.

Ans

Definition: A function 7: R” > R is differentiable at @ € R” if 3 a linear
transformation T,: R® > R such that fla+v) = fla) + Ta(v) + llv||E(a, v)
where E(a,v) — 0 gs le)l = 0

continuity: |f(a + v) — @) =T, (v) + v]E(a, v)|

Aslvll = 0.8(a,v) ~ 0and T,(0) = T,(0) = 0= [£(a+v) - f(a)| — 0

= vll_rg fla+v)=f(a) > fis continuous.

Converse: Let f(x,y) = [x] + Iy, v(x, ¥) € R? then £ is continuous at (0,0} but not

differentiable. (Any other example can be given)

.

ii.

State and prove sufficient condition for the equality of mixed partial derivatives.

Ans

Statement......... . (3 Marks)

Steps in the Proof: Considering the rectangie with comers




@

{ai,a3), (ay + A, az), (ay + h,a, + k), (a,, (;2- + k),
Define G(h, k) = f(a, + &, az + k) = f(a, + b, a3) — flay, a; + k) + f(ay, a3)
Letp(x) = f(x,ap + k) - f(x,a;) then q;)(x) s continuous and differentiable on
rectangle.

Apply Lagrange’s mean value theorem to $(x) in the interval [a,, a; + h)

G(h, k) = ¢(a; + h) — @(a;) = ¢'(6,)h  where a; <6 <a,+h

Define W(y) = £.(8,, y)

Apply Lagrange’s mean value theorem to ¥(x) in the interval [az, a; + K]

Thus G(h, k) = hkf,,(8,,6,)

Apply the same procedure to u(y) = fla, + h,y) — flay,y)

And show that mixed partial derivatives are equal.

Q3.

Attempt any TWO questions from the following: (12)

b)

i.

Find total derivative as linear transformation T for the function

f,y)=x2+2y?2 4+ 3z at pointa = (1,-1,0)

Ans | Total derivative as linear transformation is T, (v) = Vi(a) v
letv = (x,y,2) and Vf(a) = (ﬁ(a),fy(a).ﬁ(a)) =(2,-40) = T,(v) = 2x — 4y
ii. ! Find directional derivative of fOoyy=x% —3xy at(1,2) along the parabola y = x2 —
X+ 2
Ans | Formula is Dyf(a) =Vf(a)-T. whereT is unit tangent vector to the surface.
(@) = (@ f (@) = (~4,-3)
Tangent vector = L2t—-1D=>T= (?—15,%) =D, fla) = :v%
iii. | Define level set of [:R™ = R for k € R. Find level sets of the following scalar fields for
the given constants,
L feay)=x2+4y2 for k=14 |
2 [y, =x24+y2+22 for k= 1,9.
Ans

1. Ellipse with semi major axis 1 and semi minor axis Y

Ellipse with semi major axis > and semi minor axis 1




Using chain rule, evaluate the tota] derivative of w =

X=1, y=sint and Z = cost,

Let U be an open set in R” and f: U - R™ pe given by f(x) = (A& A0, S (x)),
Vx € U. Prove that f is differentiable at @ & [ if and only if each f; is differentiabje at a
and for any u € R". Df(a)(w) = (DA (@)@, Dfy(a)(u), s D (@) (u))
Let f is differentiable at g & R™ with total derivative Df(a).

= fla+h) = f(a) + Df(a) + || E(h)

where E(h) - 0 gs Al -0 ¥ 1M
= (@), foa + 1)) |

= (@), o, fr(@) + DUfi(a), e, fru(@)) + 11y (E1(a), -+ -+, By (a))
where E;(h) - 0 gs h— 0

= (Alat+h), oo, £ (a+ b))

= (h(a) + Dfi(a) + R|(E, (a), - - * fm(@) + Dfu() + E, (a))
& fila+h) =ﬁ(a)+Dﬁ(a)+l]h”Ei(a) Vi=1ltom
& each f; is differentiable at ¢ € R™, 6M

Further, Df,(a)(h) = Ty(h)
therefore, Df (@) =Tw) = (W), Ty(w), 0 Ta(uw))

= DA, D), - 1 Dfn (W) IM
Letf:Sc R Leta€Sand f

is differentiable at q. Prove that if £ has a local maximum or local minimum at a then

be a scalar field where S {5 a non-empty open subset of R”

o y) € S, Assume / has a loeal maxima at g € S.

To show g;(a)_ =0, i=1.2,..n Let g91() = f(t, Azs ... 0y) then g (t) is a

function of single variable and has local maximum at t = q,

Also g,(t) is differentiable as f is differentiable. By the theorem of one




. d a : ar —
variable z91(t) =0att =g, But w1(ay) = ey (a)=0.

Similarly considering g, (¢) = flayn t a,, ..... t,) we get g— (a)=0.
2

In general g(a) =0,{=12,..n

So Vf(a) = (5‘?;1 (a),g:(a), ...,-;;—;—(a,)) = (0,0, .....,0).

Similarly the proof for minima.

Bf(ny.z) = xi + yj ¢
identity matrix of order 3. Also find all differentiable vector fields [ R® — R3 for which

zk then prove that the J acobian matrix Df (x, Y, z) is the

the Jacobian matrix p f(x,y,2) is the identity matrix of order 3.

Dfxy2)=xt+y5+2k

0 0
Df(x,y,2) = [0 1 0] which is identity matrix of order 3.
0 0 1

_ 2M
b) Let f(x,y,2) = (1. f5, f5) where f1.: 2, f5 are functions of x,y,z.
Since Df (x, y, Z) is identity matrix of order 3.

U o _op _
dx dy az

1 =>f1=-"f+a,fz=y+b,f3=z+c 4, b,c ER

f(x,y) = e* cos(y) p= (0. f) = (a, b)

fi= e*cosy, 5y = —e*siny,

fix =e*cosy, fxy = —€e*siny fyy = —e*cosy M

F0) = £0) = fou(p) =hy®) =0, £@) = Fry(P) = -1 M

Using Taylor's formula

Fay) =f®) + (- a)fy(p) + ¢y - b)f, () +
%[(x = () + 2(x ~ @) (y — b ey () + (v — b)? @] M




f(x,y)=—(y—g)—x(y—§)=—xy+§x-y+-2’5 IM

Find the critical points, saddle points and local extrema if any for the function

flry) = y2 —y3 _ 42 + xy.

Critical A fx Extrema Fe) i
points "
(0,0) -5 Saddle point
(5/3,5/6) 5 -2 maxima 8

. 9
If 2x 4+ 3y + 42 = g then prove that the maximum valye of x2y3z4 is (g) .

_ oh
h(x,y,z) = x?y3z4 4 22x+3y + 47— a).a =2xy3z* + 22 =0,
Ok o a 2.2 4 =09 _ 4.2.3.3 = -y =
ay-Bxyz +3)l—-0,az 4°y323 + 4=y y=2z

: 9
Put in 2x + 3y + 4z = a we will getx=y=z=gq/9, f(g,g,g-) = (g) .

Attempt any FOUR questions from the following: (20)

Evaluate the limit of the following functions, if it exists, by converting to polar Coordinates,
i i 2402y xty?
(x,yl)l—qgom Y log(x Ty ) (i) (x,yl)l-la?o,o) Vx24y2
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b) | Find the real value of § € (0,1) if it exists, satisfying,
fb) ~ f(a@) =< Vf(a+6(h— a),b ~a > forthe following functions:
11
flx,y,2) = xyz, a = (0,0,0), b= (1,-2—,-3:)
Ans | To find Vf(a + 6(h — a)):

sxy.2) =yz f,06y,2) = xz; £, Y.z} =xy

“rOb-D=000+6(13.3)= (822 = vi(a+6(-a)= (L2 9

2
Substituting thisin  £(b) — f(a) = Vi(a+6(b— a)) (b - a)
Weave, £ (1,3,5) - £(0.00) = (2,2, ), (13.5)
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r ¢) | Find the maximum rate of change of the function fx,y,2) =log(x + y + 2} at (1,2,3).

Also find the direction in which maximum rate of change occurs.

Ans Vit 2) = (x+y+z x+31z+z x+)11+z) (2 Marks)
VF(1,2,3) = (;,;,1 (1 Mark)
Maximum rate of change = || V£(1,2,3) | = %E {1 Mark)

Direction (3, 2, =) (1 Mark)
d)

Let f(x,y) = x3 + 936)’2,- find f;_:,:fyi f::ty; fxxr'f]l}y'

Ans | f, = 3x% + 9y? fy = 18xy fxy = 18y fex = 6x fyy = 18x

e) | Givenz = f(x,y) where f has continuous partial derivatives of second order,

iz 32z a2z
X =u+ v,y =u — v, show that Gusr =~ o " a2
Ans | 9x _ dx _ 9 1 % _ _
du  av 1, du 1, v 1 IM

. . az az dx 8z 6‘y dz dz
ng chain —=—=— = —_———
using chain rule, 3 = 9% In S 335~ 5e 2y M

a
0%z 5, (é‘z-) d (62)
auav_au dx/  Bul\dy
_ @%zox 8%z a3y 3z dx 6’-2 y
- Eﬁﬁ""axayau dx3ydu 9y au M
O+ FEW =21 - S M
3%z 93z
_6_3:?-_5? IM

f) | Find the Hessian matrix of f: R? > R at (1,1,1) where
fx,y,2) = x*y?(12 - 3x - 4y),

12 -1 0

Ans [12 12 0]
0 0 0
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