(3 Hours) [Total Marks: 1 00]

Note: (i) All questions are compulsory.
(ii)Figures to the i ght indicate marks for respective parts.

H Choose correct alternative in each of the following (20)

| i | Theset S = {(x, JER? /0 < x?+ 37 <37 3%

A closed set (b) | Open as well as closed set

An open set (d) | None of these

]
| 'Ans [ A closed set

il. | Let g: R? - R defined as
X% — 4y* if x # 2y
f(xr y) = X — Zy
gxy)  ifx =2y
And if £ is continuous on the whole plane, then g{x)is
2 () |x
- 4 (d) | None of these

| [Ans[4

“ (0, y) =100 - x2 + ¥2. Then the direction along which the directional derivative of fat(56)is0
is

1@ [(~10,1% [(0)_[(12,10)

@[22 _ 1) ] None of these

| [Ans[(12,10)

iv. | Let A: Total derivative s a linear transformation,

B: Every differentiable scalay field is continuoys,
Then which of the following is true? ._
a) | Alistrue, B is falso, 1 (0) JATs faise. Bis true.
Both A & B are true, | (d) | Both A & B are false.
Both A & B are trye.
ffO0y) = [xy] VY (x,¥) € R? then
a) | fis differentiable at (0,0) I (b) ‘ [ is continuous at (0.0)and D, f (0,0)exist for

any vector y

(¢} | The partial derivativesft, fy does not ‘ (d) | None of these.
exist at (0,0)

Ans | f is continuous at (0,0) and D f (0,0%exist for any vector u

v, | 15 R~ Risa differentiable function such that _gf = {) ,then

Lo
b

v,

—

—

(8) | fis independent of x and 2 (b) [ f depends on x and z only
[ is constant (d) ’ None of these.

depends on x and z only
Y| Which of the following is the level set of fEy)=x?4+y2 4 22501 = 17

i



(25
.m Sphere of radius | centered at origin m Circle of radius | centered at origin
. Sphere of radiug 2 centered at origin )

Sphere of radiys centered at (1,0,0)
.W Sphere of radiys | centered at origin

the function has minim um valye,

the functjon has neither maximum nor
minimum value.

-m the function has ne; ther maximum nor minimum valye,
Q2. Attempt any ONE question from the following: (08)

Let f:RZ > R be a rea valued function, Fet ! € R such that'(x, 7) IT( a,b) foy) =1 Also
assume that the one dimensional limits hma f(x,y) and bim

X~ y = p F 0 ¥) exists, then prove that
lim lim _ lm . !
X—aq y"')bf(x’y)—y—;b xoglEYY=1



&Nu |-F£x,y) —h <i )

; -ra_*_“\:¥-;~-—~-. @

‘‘‘‘‘‘

If (x,} and {(y,) are convergent sequences in R* and a,fp are real constant show that {ax,, +
Byy) is also convergent in R” and

lim ax, + By =a§1m Xy +ﬁ’£im_ Y-

N—oo

Let x,, S pandy, > gasn — oo
Lete > 0 pe arbitrary

£
anleNsuchthatnanI = |x, - p| <§T—l

3n, € N such that n > n2 = [y, — q| <=

2|B]

Choose ny = Max{n,,n,}, thenn 2Ny 3 n>nandn =Zn,
Consider,




[(axy + Bya) — (ap + Bg)| = laCe, — p) + By — )|
< La'llxn -l + 1Bl — ql
< 2 + 5 =g

Hence, lim(ax, + By,) = a limx, + § limy,.

1i.

Q.2 | Attempt any TWO questions from the following: (12)
b) |1 | Using € — & definition show that f is continuous at (0,0). where
4 1 4 1 . _
_ )x3sin (—) + ¥3 sin (—) if xy #0
f(x;_J’) - X $4 : _
_ if xy=0
0
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Prove that every linear transformation 7: R™ ~ R™ is continuous on R™,
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Let f:R* 5> R and a € R™.

Define D;f(a), the i-th partial derivative of f ata,1 < i < n.

Determine whether the partial derivatives of f exist at (0, 0) for the following
function. In case they exist, find them.

fley) =G I*

Ans

Let f:R* =5 R and a € R".
Define D;f (a), the i-th partial derivative of f ata,1 < i < n.
Determine whether the partial derivatives of f exist at (0, 0) for the following function. In
case they exist, find them.
fy) = G nI* = (x* +y2)?
Difl@)  _, fa+te) = f(@
t—=0

t
-0 t
o t*=0
= lim
t—-0 t
= lim¢?
t—=0




Py [@ ¥ i) @
D,f(0,0) lirm f£(0,0+18) - £(0,0)
B -0
Cth=0
= lim
t=0 t
= lim¢3
=0
=0
v. [LetfiR? > Ra=(-12),u= (3,—4),v = (12,5) and w = (15,1). IfD, f(a) = 8,
D,f(a) =1 find D, f (a).
Ans | f:R? - R.
We know that , D, f(a) = (Vf(a), u) and D,f(a) = (Vf(a),v)
Observe that, w = (15,1) = (3, -+ (125 =u+v
“Dyfla) =(Vf(a),w)
={Vf(a),u+v)
= {Vf(a), u) + (Vf(a),v)
= Dyf(a) + Dyf(a)
=8+1
Q3. | Attempt any ONE question from the following: (08)
a} |i. Let U be an open set in R” and f: U - R be differentiable at a € U .Prove that D, f(a) exists
foreach i = 1,2, ....., n.Explain with an example that converse of this is not true.
Ans

f———-——(amf L@ oxist vy € R",

Since f(a,y) = }lintl}
Take y = &; then f(a, &) exists and fa&)= }lins F (@3 + (100, 0)) £ @)

h
fla&)= Nm f((aﬁhm;a“nhﬂa} = Dy f(a) exists.

Similarly we can prove for D; f(a) , Vi exist.
xy -
-, (x,v)# (0,0 o )
Counter example Let f (x,y) = {xz*'yz (x.7) ( )} is not differentiable at (0,0) but
0, (x, ) = (0,0)

fx(0,0) = 0and £,(0,0) =0

ii.

State and prove sufficient condition for the equality of mixed partial derivatives.




Ans | Statement.............c...0nn (3 Marks)
Steps in the Proof: Considering the rectangle with corners
(ay,az), (ay + 1 ay), (a1 + hoay + k), (ay, a2 + k), define

G(h, k) = f(ay + h,az + k) — f(a, + h, az) — f(ay, a; + k) + fas, a2)
Let @(x) = f(x,a; + k) — f(x,az)
@ (x) is continuous and differentiable on rectangle.
Apply Lagrange’s mean value theorem to @(x) in the interval [a,,a; + h]
G(h, k) = @(al + h) - @(az) = 9’(91)h whete a, < 91 < 4 +h
Define ¥(y) = fx(61,¥)
Apply Lagrange’s mean value theorem to Y(x) in the interval [a, az + K]
Thus G(k, k) = hkfi (61, 62)
Apply the same procedure to u@¥) = flag + hy)— f(any)
And show that mixed partial derivatives are equal.
Q3. | Attempt any TWO questions from the following: (12)
b) |i. | Find total derivative as linear transformation T for the function f(x,y) = x% 4 2xy + y’at

point a = (—1,—2).

Ans | total derivative as linear transformation is T, (v) = Vf (a)-v
et = (6,y) and £(@) = (@), (@) = (-6,-6) = Tu(v) = ~6x £ 6.

= | Find directional derivative of f(x,y) = x* — 3xy at (1,2) along the parabola y = x — x +
2 at (1,2).

Ans | Formula is D, f(a) = Vf(a) - T.where T is unit tangent vector to the surface.
vF(@) = (ful@), (@) = (-4 -3)
Tangent vector=(1,2t —1) 2 T = (%,%) = D, f(a)= i—;.

fii. | Find the equation of the tangent planc and ormal line to the surfacex® + 7x%z +z° = 4 at
(2,1,-2).

Ans | Equation of tangent plane is f(x — 2) + f,(y — D+ fz+2)=0
12x — 28y + 12z + 28 =0 -
Equation of normal line is == = ro= S

" Tiv. | Evaluate the total derivative of z = 4x’y + 7x?y3 where x = 4 + 4t*andy = 1 — 2t2, using

chain rule. )

Ans | (12x%y + 14xy®)(16t%) + (4x® + 21x%y*)(—4t)




|

Q4.

Attempt any ONE question from the following: (08)

State and prove Taylor’s Theorem for a real valued function of two variables.

Ans

Statement : Let § be a non-empty open subset of R2as S = {(a +th,b+tk)/t€[0,1]}
Suppose f: S — R has continuous partial derivatives till order n + 1 then

fla+thb+tk) = flab) + (ho=+k )f(a,b) M
+§(ha+k-'a;) FQ@,b) + woreee e +H(ha+k5) F(a, b)

a n+l

— 4+ k— hb+8k)0<8<1
(hax+kay) fla+8h b+ k)

* (n+1)!

Proof : Define g : [0,1] » R by g(t) = f(a+ th, b+ tk) -~ g(0) =
fla,p)and g(1) = f(a+ h, b+ k) (1) IM

Since f has continuous partial derivatives till ordern +1 = g isn + 1 times
differentiable.

By Taylor's theorem of one variable 30 < 8 < 1 such that

9(t) = (@) +t g @) +5 g7 (@) + -+ Zg(O) + g™ O — = —()
IM
Let 7(t) = (a+ b+ k) = g(t) = f(r(t))
By chain rule,
gO =V (@) ') = g’ = (ha+ kL) Fr®) = g'(©) = (k5
ﬁ) fa,b) IM

) ‘ 2
By differentiating g'(t) again w.rt't’ we get g"'(t) = (h% + k& -(%) fla+th, b+ tk)
. 2 m
g"(0) = (h—+ ka%) fa.b), Similarly g™(0) = (ho-+ k%) fla,b), m=
lton
and g () = (hZ+k2) fla+th,b+1tk) M
: ' x ay ' :
put in (*) with ¢t = 1 we get
a a\?
g0 = g+ (hy+ k) f@b) +2(hg +k5) f(@b)
orees e —(h.—+k—a.—y) f(a,b)
n+l
— (R +k ) f(a+6h,b + 6k) .
. a d 1 i} a
Hence, f(a+ kb + k) = f(a.b) + (ho-+ k 5) flab) +5(ho+k 5) f(a,b) +
1 ? "
et = (ot k;?l) f(a,b)
1 ] a\t
+ (ha+ka-y) fa+6h, b+ 6k) M

{n+1)l




ii. | Let @Q(x,¥) = Ax* 4+ 2Bxy + Cy? be a function of two variables and A= AC — BZ. Then

prove that

(1) if A>0and A > Othen @(x,¥) > 0¥ (x,y) € R?, (x,5) = (0,0).

(2)if A> O0and A < Othen Q(x,y) <0V (x,y) € RZ, (x,y) # (0,0).

if A< 0, then in every open ball around origin there exist points (x, y) such that Q(x,y) <
0 and also there exist points (x, ¥) such that Q(x, v) > 0.

Ans | AQ(x,y) = A*x% + 2ABxy + CAy? = (Ax + By)? + AyZ.

IfA> 0,AQ(x,y)} > 0.

SoA > 0then Q(x,3) > 0and A < 0then Q(x,¥) < 0, ¥ (x,5) € R%, (x,3) # (0,0).
If A< 0, three cases.

Case 1: A+ 0. A > 0 gives AA< O and 4 < 0 gives AA> 0,

Q(Bt, —At) = A(Bt)? 4+ 2B(Bt)(—At) + C(—At)? = t2AA. O(t,0) = At

Since A and AA have opposite signs Q(Bt, ~At) and Q(t, 0) will have opposite signs.
Hence by taking ¢ small enough we can see thétlé:very open ball around origin contains
some points for which @(x, y) < 0 and some points where Q(x,y) > 0.

Case2: A=0,C # 0. '

A= AC — B? = —B?<0. Thus € and CA have opposite signs.

Q(Ct,—Bt) = A(Ct)® + 2B(Ct)(~Bt) + C(~Bt)* = Ct?A. Q(0,t) = Ct2.

Since € and CA have opposite signs Q(Ct, —Bt) and @(0, t) will have opposite signs.
Hence by taking f small enough we can see that every open ball around origin contains
some points for which Q(x, y) < 0 and also some points where Q (x, y) > 0.
Case3:4A=0="C.

A= AC — B* = —B? <0,

Q(t,t) = 2Bt2.Q(t,—t) = —2Bt?.

Hence Q(¢, t) and Q (¢, —t) have opposite signs. Hence by taking 7 small enough we can see
that every open ball around origin contains some points for which @(x,y) < 0 and some

points where Q(x,y) > 0.




Q4. | Attempt any TWO questions from the following: (12)
by |1 Given z = f(x,y) where f has continuous partial derivatives of second order, x = u +
e 8%z _ 9%z 9%z
v,y = u — v, show that parwil ol v
Ans | 9x _ 8x _ vy _ 4 9 _ _
3u_6v-1’-aua_1éaé:"ala oz @ ™
- . z zdx  8zdy _dz 9z
usmg chain rule, a_ 7% 7u —+ o 3y 1M
dlﬁ —U w.r.t'u
a*z 0 (62) d (62)
dudv du\dx) du ay
zox 9z dy 9%z dx _Blzdy M
- axz du  ax 6y'au dx ay u ayz au
_ ﬂ - i
T 9x? 3y? M
i. |a)If f(x,y.2) = xi + yj + zk then prove that the Jacobian matrix Df (x,y,2) is the
identity matrix of order 3.
b) find all differentiable vector fields f:R® — R? for which the Jacobian matrix Df(x,y, z)
is a diagonal matrix of form diag (p(x), q(¥),7(z)) where p, g, are given continuous
functions.
Ans |a) f(x,y,z) = xt+y;+zk
1 00 _
Df(x,y,z) = |0 1 0} whichisidentity matrix of order 3. 2M
0 0 1
b)Let f(x,y,2) = (f1, f2, fz) where fi , f>, f5 are functions of x, y, z
Since Df (x,y,7) is dlagonal matrix of the diag(p(x}, q(3), r(z))
2! 0fs
— = — = q{y), —=r
o, 3r=a0)  G=1)
fi=Px)Y+a, L=Q)+b, s=RE)+c wherea,b,c €R
d : d d _
and - (P(0)) = p(), (@) = a0, 3 (R(D) =7(2)
f(x y.z)=(Px) +a, Q(y) +b,R(z) +¢) 4M
iit. Fmd the critical points, saddle points and local extrema if any for the function f(x, ¥} = x3 +
xy? —12x% — 2y? + 21x.
Ans | | Critical points A fx_x . Extrema S

(1,0 36 —-18 maxima 10




(7,0) 240 24 Minima —98
(2,V15) —24 Saddle point
| (2,~V15) ~24 Saddle point

tv. | Find the points on the surface z2 = xy + 1 nearest to the origin. Also find the distance.

1,~-1. £(0,0,+1) = 1.

2z + 2z 2 = 0. Substituting in 2z2 = xy + 1 we will get A =

Ans h(x,y)=x2+y'2+22+l_(zz-—xy—1).-:—:=2x— Ay=0,§_—;=2y— Ax

dh
= O’E

—1.Sox = y=0z=

Qs.

Attempt any FOUR questions from the following:

(20)

Let f:R?* — R be defined by

1
e_(x2+yi)
11m T
(x;¥)-(0,0) x%+y?

fxy) = if (. y) # (0,0).

Define f(0,0) so that £ is continwous at origin.
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b) |Find the real value of 6 € (0, 1) if it exists, satisfying

fb) = f(a) =<Vf(a+08(—-a)),b—a>
For the following function :

11
flo,y,z) =x*+y*+2xz, a=(0,0,0), b= (1,_-5,‘—3-)

Ans

To find Vf(a + 8(b — a)):
fx(x,y,z) =2x + ZZ;fy(x:yi Z) = 2}’ :fz(x;J’,Z) =2Z2x

. 11 [
a+6(b—a)=(0,0,0) +0 (LE §) = 2(2,-2-,5) .
Therefore Vf(a + (b — a)) = (29 +278, 29) = (—,9, 29)

3 3
Substituting this in
f—fl@=9(at8b-a)) b—a)

We have,
/(1) - = (020 (132
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23 230 = 1
12° 6 2"
¢) | Find level surfaces of f(x,y,2) = x* + y* + z* for the constants K = 1,9.
Ans | For K = 1,we get equation of sphere of radius 1 and center (0,0,0)
For K = 9,we get equation of sphere of radius 3 and center (0,0,0)
d) Let f(x', y) = xzy'3 + 2)/5, find ﬁr,; fy:ﬁry; fxx: fyy-
Ans | f = 2xy®f, = 3x?y? + 10y* |
feoy = 6xY% fir = 2V3 fyy = 6X%y + 40y3
e) | Using Taylors formula find the quadratic approximation for the quantities @ = (0.99)° +
(2.01)* - 6(0.99)(2.01)
Ans |Let f(x,y,z)=x>+y3—6xy, a=1,b=2h=-001k =001
fe= 3x2 — 6y;fy = 3y? — 6x, frx = 6% af:;cy = =6, fyy = 6¥
Let p = (1,2),
f=-3 fi=-9.5= 6,fix=06.,fry = -6, fyy =12
_ 1 _
a=fp)+ hfi(@) +kf(P) +5; [h2fer(P) + 2Rk fry () + K ()]
put above values and simplify
o = —2.8485
£) | Find the Hessian matrix of f:R® — R given by f(x,y,z) = x3 +y3 423 + 3xyz + 3x%y +
3y2x + 3z%x + 3x%z at(1,1,1).
Ans | [18 15 15
15 12 3
15 3 12

khkkdk




