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(3 Hours)     [Total Marks: 100] 

Note: (𝑖) All questions are compulsory.       

 (𝑖𝑖)Figures to the right indicate marks for respective parts. 

 

Q.1 Choose correct alternative in each of the following                             (20) 

𝑖. Rank Nullity Theorem states that if :T V W  is a linear transformation, then 

 (a) Dim V = dim(ImT) + dimW (b) Dim V - dim(ImT) = dim (ker T) 

 (c) Dim V = dim W (d) Dim V/W = dimV - dim W 

𝑖𝑖. Let T be the linear transformation defined by T(x)=Ax, where A= (
5 1
2 3

). 

What is the image of (
2
1

)? 

 (a) (
11
7

) (b) (
11
13

) 

 (c) (
7
5

) (d) None of these 

𝑖𝑖𝑖. Which of the following is a linear transformation from 
2 2:T  ,? 

 (a) T(x,y)=(x-y ,y)        (b) T(x,y)=(|x| , y + 1) 

 (c) T(x,y)=(x2 + y, x - y) (d) All the above 

𝑖𝑣. Let A be am n matrix and let row rank = p and column rank = q. Then   

 (a) p = q (b) p > q 

 (c) p < q (d) None of  the above 

𝑣. 
If 𝐴 = (

1 2 1
3 2 4
5 6 1

) and 𝐵 = (
4 8 4
3 2 4
5 6 1

) then which of the following is true? 

 (a) 𝑑𝑒𝑡𝐴 = 𝑑𝑒𝑡𝐵 (b) 𝑑𝑒𝑡𝐴 = 4𝑑𝑒𝑡𝐵 
 (c) 4𝑑𝑒𝑡𝐴 = 𝑑𝑒𝑡𝐵 (d) None of these 

𝑣𝑖. 𝐷𝑒𝑡(2𝑒1,, 𝑒1+3𝑒2, −𝑒3) where  𝑒1,𝑒2, 𝑒3 are standard basis elements of ℝ3 is  

 (a) 3 (b) 1 

 (c) 6 (d) −6 

𝑣𝑖𝑖. Cramer’s rule is used to 

 (a) Find solution of 

homogeneous system of 

linear equations 

(b) Find solution of non- homogeneous 

system of linear equations 

 (c) Find determinant of the 

matrix 

(d) Find inverse of the matrix 

𝑣𝑖𝑖𝑖. Let 𝑉 be a real inner product space and 𝑥, 𝑦 ∈ 𝑉. If ‖𝑥‖ = ‖𝑦‖, then 

 (a) 𝑥 + 𝑦 and 𝑥 − 𝑦 

orthogonal 

(b) 𝑥 = 𝑦 

 (c) 𝑥 and 𝑦 are orthogonal (d) None of these 
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𝑖𝑥. Let {𝑣1, 𝑣2, … , 𝑣𝑛} be an orthonormal basis of an inner product space 

𝑥 = ∑ 𝑥𝑖𝑣𝑖𝑖 . Then ‖𝑥‖2 = 

 (a) 
∑〈𝑥, 𝑥𝑖〉2

𝑛

𝑖=1

 
(b) 

∑〈𝑣𝑖 , 𝑥𝑖〉2

𝑛

𝑖=1

 

 (c) 
∑〈𝑥, 𝑣𝑖〉2

𝑛

𝑖=1

 
(d) None of these 

𝑥. Let 𝑣 = (𝑎, 𝑏) ≠ (0,0) in ℝ2. The set of all vectors orthogonal to 𝑣 in 

ℝ2 represents 

 (a) A straight line passing 

through origin and 𝑣 

(b) A straight line passing through origin 

and perpendicular to 𝑣 

 (c) Empty set (d) None of these 

     

Q2. Attempt any ONE question from the following:                                       (08) 

𝑎) i. Define p) Linear Transformation   q) kernel of a linear transformation.  

Further prove that if T :V V  is a linear transformation then T is 

injective if and only if ker T = {0}. 

 ii. Prove: Let  nA M then prove that the system of homogenous system 

of n linear equations in n unknowns, 𝐴𝑋 = 0 has only the trivial solution 

if and only if Rank(A) = n. 

   

Q.2 Attempt any TWO questions from the following:                                         (12) 

𝑏) i. If 
3 3F :  such that    2 3 5F x,y,z x y z,x y z, x y z       , 

show that 𝐹 is linear transformation. Find whether 𝐹 is non-singular. 

 ii. If 
3 3T :  such that    2 0T x,y,z x, y, , find  

ker T , basis of ker T and nullity T. 

 iii. Show that A and B are row equivalent matrices where  

1 1 0 3 0 1

2 1 1 0 3 1
A ,B

   
    
   

 

 iv. Test for consistency and if possible solve the following system.
2 9 3 6 4 2 7 4x y z , x y z , x y z , x y z              

   

Q3. Attempt any ONE question from the following:                                           (08) 

𝑎) i. Let 𝐴 ∈ 𝑀𝑛(ℝ). Prove that 𝐴𝑋 =
0 has a non trivial solution if and only if  𝑑𝑒𝑡 𝐴 =  0. 
Further check whether the homogeneous system 

   (
  1 2 0
−1 0 1
   5 3 1

) (
𝑥
𝑦
𝑧

) = (
0
0
0

) has a non trivial solution. 
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 ii. Let 𝑣1, 𝑣2, … , 𝑣𝑛 ∈ ℝ𝑛. Show that 

I) If {𝑣1, 𝑣2, . . . . , 𝑣𝑛} is linearly dependent then det(𝑣1, 𝑣2, . . . . , 𝑣𝑛) = 0. 

II) det(𝑣1, . . , 𝑣𝑖 , . . , 𝑣𝑗 , . . , 𝑣𝑛) = − det(𝑣1, . . , 𝑣𝑗 , . . , 𝑣𝑖 , . . , 𝑣𝑛) 

for 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛 
   

Q3. Attempt any TWO questions from the following:                                        (12) 

𝑏)  

i. Define adjoint of a matrix. Find 𝑨−𝟏 for 𝑨 = (
3 −3 4
2 −3 4
0 −1 1

) using adjoint. 

 ii. Define bilinear map. 

Further check whether the following map is bilinear. 

𝑓: ℝ2 × ℝ2 → ℝ such that 𝑓((𝑎, 𝑏), (𝑐, 𝑑)) = 𝑎𝑏 + 𝑐𝑑 + 1. 

 iii. 

 

 

Using definition of determinant, prove that  

det (
𝑎11 𝑎12

𝑎21 𝑎22
) = 𝑎11𝑎22 − 𝑎12𝑎21 

 iv. Solve the following system of linear equations using Cramer’s rule 

𝑥 + 𝑧 = 9, 𝑥 − 3𝑦 = 1, 4𝑦 − 3𝑧 = 3 
   

Q4. Attempt any ONE question from the following:                                           (08) 

𝑎) i. Let V be an inner product space. Define orthogonal vectors. If {𝑣𝑖}𝑖=1
𝑛   is 

a set of pair wise orthogonal vectors in 𝑉, then show  ‖∑ 𝑣𝑖
𝑛
𝑖=1 ‖2 =

∑ ‖𝑣𝑖‖
2𝑛

𝑖=1   . Is the converse true? Justify your answer. 

 ii. State and prove Cauchy-Schwarz inequality in an inner product space 

(𝑉, 〈  , 〉). Verify the same for 𝑢 = (1,2), 𝑣 = (2,3) from ℝ2 with 

Euclidean inner product. 

   

Q4. Attempt any TWO questions from the following:                                         (12) 

𝑏) i. Let 𝑉 be a real inner product space and 𝑢 be an unit vector in 𝑉. If 𝑃𝑢(𝑥) 

denotes the projection of 𝑥 along 𝑢, show that  

‖𝑥 − 𝑃𝑢(𝑥)‖ ≤ ‖𝑥 − 𝛼𝑢‖  ∀ 𝛼 ∈ ℝ. 
 ii. Show that 〈𝑧, 𝑤〉 = 𝑅𝑒(𝑧 𝑤̅)  is an inner product on ℂ the space of 

Complex numbers. 

 iii. Let 𝑉 be a finite dimensional inner product space over ℝ and 𝑊 be a 

subspace of 𝑉. Define 𝑊⊥, the orthogonal complement of 𝑊 and prove 

that (𝑊⊥)⊥ = 𝑊. 

 iv. Define angle between two vectors in an inner product space. Find angle 

between 𝑝(𝑥) = 𝑥2 + 1 and 𝑞(𝑥) = 𝑥 using inner product  

〈𝑝, 𝑞〉 = 𝑝(0)𝑞(0) +  𝑝(1)𝑞(1) +  𝑝(2)𝑞(2)  where  

𝑝(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 and  𝑞(𝑥) = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2. 
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Q5. Attempt any FOUR questions from the following:                                     (20) 

𝑎) Prove that inverse of Linear Transformation (if it exist) is also a Linear 

Transformation. 

 
 
𝑏) Find the rank of

1 1 1

1 1 2

3 1 1

2 2 3

A

 
 


 
 
 

 

. 

𝑐) I) Use determinant to check whether the set 

{(2,0,0,0), (1, −1,0,0), (1,2,5,0), (1,1,1,1)} is linearly dependent or 

independent. State the result used. 

 

II) Use determinant to find area of the parallelogram spanned by vectors, 𝑥 =
(1,1), 𝑦 = (2,5). State the result used.  

𝑑) Use the following expression of determinant   

det A = ∑ 𝑠𝑔𝑛𝜎  𝑎1 𝜎(1)𝜎𝜖𝑆𝑛
𝑎2 𝜎(2) … . . 𝑎𝑛 𝜎(𝑛) to find the determinant of the 

matrix (
1 0 3
0 4 0
0 0 5

). 

𝑒) Find vectors 𝑢, 𝑣 ∈ ℝ2 with Euclidean inner product such that 𝑢 is a scalar 

multiple of (1,3); 𝑣 is orthogonal to (1,3); and 𝑢 + 𝑣 =(1,2) 

𝑓) Find an orthogonal basis of 𝑊 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3/𝑥 − 2𝑦 = 𝑧} ⊆ ℝ3 with dot 

product using Gram-Schmidt Orthogonalisation Process. 

***** 
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