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         Time: 3 Hours                             Total Marks: 80 

Instructions: 

 Attempt any two questions from each section 

 All questions carry equal marks 

 Answer to section I and II should be written on the same answer book. 

 

  SECTION I (Attempt  any two Questions) 

 

Q1. (a) Show that every linearly independent subset of a finitely generated vector space ܸ ሺܨሻ is  either 

a basis of ܸ  or can be extended to form a basis of ܸ . 
       (b) Determine whether or not the following vectors form a basis of  𝑅ଷ. 

            (1,1,2) , (1,2,5) ,(5,3,4). 

  

Q2. (a) Prove that two finite dimensional vector spaces over the same field are isomorphic if and  

 only if  they are of the same dimension. 

       (b) Let 𝑇 be the linear operator on 𝑅ଷ defined by  

 𝑇ሺݔଵ  , ,   ଶݔ  ଷ   ሻݔ  = ሺ͵ݔଵ  + ,  ଷݔ  +  ଵݔʹ− ,   ଶݔ  +  ଵݔ− +   ଶݔ ʹ Ͷ ݔଷ  ሻ 

 Find the matrix of 𝑇 in the ordered basis ሺߙଵ, ,ଶߙ ଵߙ ଷሻ  whereߙ = ሺͳ,Ͳ,ͳሻ , 

ଶߙ  = ሺ−ͳ,ʹ,ͳሻ , ߙଷ = ሺʹ,ͳ,ͳሻ. 

 

Q3. (a) Show that similar matrices have the same minimal polynomial. 

       (b) Let 𝑇 be the linear operator on 𝑅ଷ which is represented in the standard basis by the  

 matrix  [ −ͻ Ͷ Ͷ−ͺ ͵ Ͷ−ͳ ͺ ] . Prove that 𝑇 is diagonalizable. 

 

Q4. (a) Prove that if ߙ 𝑎݊݀ ߚ  are vectors in an unitary space, 

             Ͷሺ ߙ, ሻߚ =  || Ƚ + Ⱦ|| ଶ − || Ƚ − Ⱦ|| ଶ +  𝑖|| Ƚ + iȾ|| ଶ − 𝑖|| Ƚ − iȾ|| ଶ  
       (b) Let ܹ be any subspace of a finite dimensional inner product space ܸ , then prove that  

       ܸ = ܹ ⊕  ܹ⊥. 
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SECTION II (Attempt  any two Questions) 

 

Q5. (a) Show that the number of generators  of a finite cyclic group of order ݊ is  

 𝜙ሺ݊ሻ,  .ℎ݁𝑟݁ 𝜙ሺ݊ሻ is the Euler 𝜙 -functionݓ

       (b) If ܪ and 𝐾 are finite subgroup of a group ܩ, then prove that  

𝐾ሻܪሺ      =  𝑂ሺ𝐻ሻ  .  𝑂ሺ𝐾ሻ𝑂ሺ𝐻 ⋂ 𝐾ሻ   

 

Q6. (a)  Show that every quotient group of a group is a homomorphic image of the group. 

       (b) If ܩ is any finite group such that /ሺܩ) , where  is a prime number then show that ܩ  

 has an element of order . 

 

Q7. (a)  Prove that a finite integral domain is a field. 

       (b) Let 𝑅 be a commutative ring with unity. Prove that 𝑅 is a field. 

 

Q8. (a) Show that Z ( set of all integers) is a P.I.D (Principal Ideal Domain). 

        (b) Show that an element in a U.F.D is prime if and only if it is irreducible. 

 

------------------------------------------------  END  ------------------------------------------- 
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External (Scheme A)                               (3 Hours)             Total Marks: 100 

Internal (Scheme B)                                (2 Hours)                                                Total Marks:  40 

N.B.: Scheme A students should attempt any five questions. 

        Scheme B students should attempt any three questions. 

        Write the scheme under which you are appearing, on the top of the answer book. 

 

Q1. (a) Show that every quotient group of a group is a homomorphic image of the group. 

       (b) Show that the number of generators of an infinite cyclic group is two.  

Q2. (a) Using Sylow theorems prove that a group of order 28 is not simple. 

       (b) If G is any finite group such that p / o(G) , where p is a prime number then show that G

 has an element of order p. 

Q3. (a) Prove that a group of order 99 is not simple. 

       (b) If Z is the Centre of a group G such that G/Z is cyclic, then show that G is abelian. 

Q4. (a) Show that every Euclidian domain is a unique is a unique factorization domain.  

(b) Show that if R is a unique factorization domain then the product of two primitive 

polynomial in R[x] is a primitive polynomial in R[x]. 

Q5. (a) If R is commutative ring with unity whose only ideals are {0} and R, then show that R is 

 a field. 

       (b) Prove that J [ 3 ] is not a UFD. , J being the ring of integers. 

Q6. (a) Show that similar matrices have the same minimal polynomial. 

       (b) Let T be a linear operator on a n dimensional vector space V (F) . Then show that T 

 satisfies its characteristic equation.  

Q7. (a)  Let A is a linear transformation on a vector space V such that A2  - A + I =  0.Then  show 

that A is invertible. 

       (b) Find the Rank of the matrix.[͵ −Ͷ −ͳ ʹͳ 7 ͵ ͳͷ −ʹ ͷ Ͷ9 −͵ 7 7] 
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Q8. (a) Find all (complex) characteristic values and characteristic vectors of the following  

matrix. 

[ͳ ͳ ͳͳ ͳ ͳͳ ͳ ͳ] 
       (b) If α and β are vectors in an inner product space V(F) and a,b є F, then prove that 

        Re (α, β)  =  ¼ || α + β ||2   -    ¼  || α - β ||2       

 

 

***************** 
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[Time: 3 Hours] [ Marks: 80] 

Please check whether you have got the right question paper. 

N.B: 1. Attempt any two questions from each section. 

2. All questions carry equal marks. 

3. Answer to section I and II should be written in same answer book 

 

  Section – I (Attempt any two questions)  

    

Q.1 a) Define metric space. If (X, d) is a metric space, then prove that in (X, d) : 

i) Union of open sets is open 

ii) Intersection of a finite number of open sets is open 

 

 b) Let (X, d) be a metric space. Show that the following statements are equivalent : 

i. A is dense in (X, d) 

ii. The only closed superset of A is X. 

iii. Every non-empty open set in (X, d) intersects A. 

iv. Every open ball in (X, d) intersects A.  

 

    

Q.2 a) Let f : (X1, d1)(Y1, d2) be a function.  Prove that f is continuous at x = pX iff whenever 

a sequence (xn)X converges to pX, the sequence (f(xn)) Y converges to f(p)Y. 

 

 b) Let f, g be continuous functions from (X, d) to ( , ).  Show that  

A = {xX : 2f (x) > 3g(x)} is open in X. 

 

    

Q.3 a) If f : n m is differentiable at n
a then show that its total derivative is unique.    

 b) Define partial derivative of a function.  Find the partial derivatives of the function  

f : 3 2 defined by f (x, y, z) = (xy, z2), if they exist. 

 

    

Q.4 a) State and prove Mean value Theorem.  

 b) State Taylor’s theorem for a function f : 2  .  Find the Taylor expansions of the 

function f (x, y) = x3 + 2xy2 – 3xy + 4x + 5 about (a, b) = (1, 2) up to the third order.    

 

    

  Section – II (Attempt any two questions)  

    

Q.5 a) Define a topological space.  Let X = , In =  {1,2,3,…,n} and Jn = {n, n+1, n+2, …}.   
Define 𝜏  = {, I1, I2, …, } and  𝜏1 = {, J1 = ℕ, J2, J3,…}. Prove that 𝜏, 𝜏1 are both 

topologies on X. 

 

 b) There are 26 topologies on X = {a, b, c}. List at least 10 of them with justification.   
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Q.6 a) Define a Hausdroff Topological space.  Prove that every metric space is a Hausdroff 

space.  
 

 b) Show that continuous image of a connected space is connected.   

    

Q.7 a) Define a compact space. Show that a finite union of compact sets is compact.  

 b) State Tube lemma. Let x, y be compact topological spaces. Prove that X × Y (with product 

topology) is also compact. 
 

    

Q.8 a) Define local compactness. Is every locally compact set compact?  Verify this for .  

 b) Define uniformly continuous function on a metric space.  Show that f :   defined 

by f (x) = 
2

1

1 x
is uniformly continuous on .  

 

 

 

_______________ 
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External (Scheme A)                               (3 Hours)             Total Marks: 100 

Internal (Scheme B)                                (2 Hours)                                                Total Marks:  40 

N.B.:Scheme A students should attempt any five questions. 

        Scheme B students should attempt any three questions. 

        Write the scheme under which you are appearing, on the top of the answer book. 

Q1.  (a) State and prove Blozano- Weierstrass theorem.          [10] 

       (b) Show that every bounded monotonic sequence in R is convergent.        [10] 

Q2.  (a) State and prove ratio test for convergence of a positive term series.                  [10] 

       (b) Discuss the convergence of    ∑ 𝐶𝑠 ௫య+ଵ∞= .           [05] 

      (C) State Leibnitz’s test for alternating series and show that the series ∑ ሺ−ଵሻ𝑛+భ∞=   is  

 conditionally convergent.             [05] 

Q3. (a) Find the total derivative of  ݂ሺݔ, ሻݕ =  at (1,2) .         [10]    ݕ ଶݔ 

       (b) Find the partial derivative of ݂ሺݔ, ሻݕ =  ௫௬௫మ+௬మ   at (0,0)  given that f(0,0)  = 0 . 

 Discuss the continuity of f at (0, 0).            [10] 

Q4. (a) State and Prove Mean value theorem for a differentiable real value function of a two  

 variable.               [10] 

       (b) Expand using Taylor’s theorem ݂ሺݔ, ሻݕ  =  ݁௫+௬  at (0,0) upto and including second 

 degree terms. 

Q5. (a)  If [a,b] is the closed interval in R and ݂: [ܽ, ܾ] → 𝑅   is continuous , Prove that  f  is   

 Riemann integerable on [a,b] .           [10] 

       (b) When is a function ݂: [Ͳ,ͳ] → 𝑅    is  said to be of bounded variation ? Show by means of  

 an example that a continuous function need not to be of bounded variation .      [10] 

Q6. (a)  If f is continuous on a [a,b] and if 𝐹[𝑋] =  ∫ ݂ሺ𝑡ሻ݀𝑡௫𝑎   prove that 

 𝐹′[𝑋] = ݂ሺݔሻ ∀ ݔ ∈ [ܽ, ܾ] .             [10] 
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       (b) Find the extreme values of  ݂ሺݔ, ሻݕ = ݕ ଷݔ  −  ଶ .         [10]ݔ   ଶݕ 

Q7. (a) State and Prove Fubini’s theorem for a double integral of a continuous real valued  

 Function   f(x,y) on a rectangle in xy plane .           [10] 

       (b) Sketch the region of integration and evaluate using polar coordinates  

 ∫ ∫ ሺݔଶ  + ଶ√ସ−௫మݕ  ሻ݀ݔ݀ݕଶ−ଶ .                        [10] 

Q8. (a) State only Inverse Function theorem and use it to prove that if ݂: ℝଶ  → ℝଶ  is one-one,  

 continuously differentiable and has invertible Jacobian matrix at each point the f is an  

 open mapping and ݂−ଵ : ݂ሺℝଶ ሻ →  ℝଶ  is differentiable.         [10] 

      (b) Discuss the convergence of ∫ 𝑑௫௫√ଵ−௫ଵ   stating clearly the result used.        [10] 

************************* 

  

        

 

+ 
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Time: 3 Hours             Total Marks: 80 

Instructions: 

 Attempt any two questions from each section 

 All questions carry equal marks 

 Answer to section I and II should be written on the same answer book. 

 

SECTION I (Attempt any two Questions) 

1)   (a) Construct the Stereographic Projection Map.  

  (b) Solve 5 32 0z   . 

2)   (a) Prove that a Mobius Transformation is a composition of translation, rotation, inversion, 
 and magnification. 

 (b) Prove that the circle |z – 2 | = 3 is mapped onto a circle 
2 9

5 25
w  under the 

 transformation
1

w
z

. 

3)   (a) Let 0 G be an open connected set in and suppose that :f G  is analytic. Then 

 prove that f is a branch of logarithm if and only if 
1

( )f z
z

  , z G   and ( )f ae a  for 

 atleast one a G . 

 (b) If f(z) = u + iv is analytic and u - v=ex(cos y – sin y). Find f(z) in terms of z. 

4)  (a) Let  be such that  (t) =  1(t) + i 1(t) be a smooth curve and suppose that f is a 

 continuous function on an open set containing {  }. Then prove that  

(i) ( ) ( )f z dz f z dz
 

    

(ii)    f z dz f z dz
 

   

(iii) If   
 ,t a b

M Max f t


  and  L L  (length of  ) then  f z dz ML


  

       (b) Evaluate 
1

2

0

i

z dz


 along 

 (i) The line y = x 

 (ii) Along the parabola y = x2. Is the integral independent of path? 
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SECTION II (Attempt any two Questions) 

5)   (a) State and prove Cauchy’s Integral Formula. 

(b) Evaluate
6

3

sin

( )
2C

z
dz

z  , using Cauchy’s Integral Formula where C is the circle 2z  . 

6)  (a) Let f be meromorphic in a domain G and have only finitely many zeroes and poles. If   is 

 any simple closed curve in G such that no zeroes or poles of f lie on , prove that 

 
1 ( )

2 ( )
f f

f z
dz Z P

i f z


  , where f fZ and P denote respectively the number of zeroes and 

 poles of f inside  each counted according to their order. 

(b) State and prove the Minimum Modulus Principle. 

7)   (a) Define (i) Essential Singularity (ii) Pole. Find the poles of cosech 2z within |z| = 4. 

(b) Find all the possible Laurent Series expansions of
1

( )
( 1)( 2)


 

f z
z z z

. 

8)   (a) State and prove Rouche’s theorem. 

(b) Use Argument Principle to evaluate cot( )
z

z dz




 . 

  

 

********** 
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N.B.:  

1. Scheme A students should attempt any five questions. 
2. Scheme B students should attempt any three questions. 
3. Write the scheme under which you are appearing, on the top of the answer book. 

 

1) (a) Construct the Stereographic Projection Map.  

(b) Solve 5 32 0z   . 

2)  (a) Prove that a Mobius Transformation is a composition of translation, rotation, inversion, 
 and magnification. 

(b) Prove that the circle |z – 2 | = 3 is mapped onto a circle 
2 9

5 25
w  under the 

 transformation
1

w
z

. 

3)  (a) Let 0 G be an open connected set in and suppose that :f G  is analytic. Then 

 prove that f is a branch of logarithm if and only if 
1

( )f z
z

  , z G   and ( )f ae a  for 

 atleast one a G . 

(b) If f(z) = u + iv is analytic and u - v=ex(cos y – sin y). Find f(z) in terms of z. 

4)  (a) Let  be such that  (t) =  1(t) + i 1(t) be a smooth curve and suppose that f is a 

 continuous function on an open set containing {  }. Then prove that  

(i) ( ) ( )f z dz f z dz
 

    

(ii)    f z dz f z dz
 

   

(iii) If   
 ,t a b

M Max f t


  and  L L  (length of  ) then  f z dz ML


  

 (b) Evaluate 
1

2

0

i

z dz


 along 

 (i) The line y = x 

 (ii) Along the parabola y = x2. Is the integral independent of path? 
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5)   (a) State and prove Cauchy’s Integral Formula. 

(b) Evaluate
6

3

sin

( )
2C

z
dz

z  , using Cauchy’s Integral Formula where C is the circle 2z  . 

 

6)   (a) Let f be meromorphic in a domain G and have only finitely many zeroes and poles. If  is 

 any simple closed curve in G such that no zeroes or poles of f lie on , prove that 

 
1 ( )

2 ( )
f f

f z
dz Z P

i f z


  , where f fZ and P denote respectively the number of zeroes and 

 poles of f inside  each counted according to their order. 

 (b) State and prove the Minimum Modulus Principle. 

7)    (a) Define (i) Essential Singularity (ii) Pole. Find the poles of cosech 2z within |z| = 4. 

 (b) Find all the possible Laurent Series expansions of
1

( )
( 1)( 2)


 

f z
z z z

. 

8)    (a) State and prove Rouche’s theorem. 

 (b) Use Argument Principle to evaluate cot( )
z

z dz




 . 
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Duration: 3 Hours] [Marks: 80
N.B. 1) Attempt any two questions from section - I and any two questions from section - II.

2) All questions carry equal marks.
2) Answers of section I and section-II should be written in different answer books.

SECTION-I (Attempt any two questions)

1. (a) (10)Determine which of the following is true for all sets A and B (Justify your answer):

i. A− (A− B) = B.

ii. (A ∩B) ∪ (A− B) = A

(b) (5)Determine whether following argument and their conclusion is valid logical inference
or not? Justify your answer.

If pair of angles A and B are right angles then they are equal. The angles A and B
are equal. Hence, the angles A and B must be right angles.

(c) (5)Show that “If an integer a is such that (a− 2) is divisible by 3, then (a2− 1) is also
divisible by 3” using direct proof.

2. (a) (5)Define finite set. Show that if a set A is finite then there is no bijection of A with
a proper subset of itself.

(b) (5)Show that if B ⊂ A and if there is an injection f : A → B then A and B have the
same cardinality.

(c) (10)Let A be a set then show that there is no injective map f : P (A) → A and there is
no surjective map g : A → P (A) is a power set of A.

3. (a) (10)If S ⊆ Z+ such that (i) 1 ∈ S; (ii) n ∈ S implies n + 1 ∈ S. Show that S = Z+.
(Z+ is the set of all positive integers)

(b) (10)If R is a partial ordering relation on A and S is partial ordering relation on B where
A and B are disjoint sets. Is R ∪ S is partial ordering relation on the set A ∪ B?
Justify.

4. (a) (10)Define even permutation and odd permutation. Show that every permutation is
either even or odd but not both.

(b) (10)Show that order of a permutation of a finite set written in disjoint cycles is the least
common multiple of the lengths of the cycles.

[TURN OVER
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SECTION-II (Attempt any two questions)

5. (a) (05)Define probability space. If P and Q are probability measures on a measurable
space, examine if H = αP + (1− α)Q, 0 < α < 1 is a probability measure.

(b) (05)Show that Borel sigma field contains all intervals of the type [x,∞).

(c) (05){An} is a sequence of events where

An =

{

A, n = 1, 3, 5 . . .

B, n = 2, 4, 6 . . .

Find Limit superior and limit inferior. Show that limAn does not exist

(d) (05)The coefficients a, b, c of a quadratic equation ax2 + bx + c = 0 are obtained by
throwing three fair dice. What is the probability that equation has real roots?

6. (a) (05)State and prove any two properties of probability function.

(b) (05)Distinguish between a)Field and sigma field b) Limit superior and limit inferior.

(c) (05)Define P (A) as P (A) = 1

3
δ1(A) +

2

3
P2(A). Then obtain P (0, 0.7] if P2 has density

f(x) = 2x, 0 < x < 1.

(d) (05)Ram selects any of the two routes A or B for going to the college with equal
probabilities. He has to face heavy traffic on routes 30% of times if he chooses
route A ,and 40% of times if he chooses route B. What is the probability that on
a randomly selected day (a)he faces heavy traffic (b)he has selected route B given
that he faced heavy traffic.

7. (a) (05)X has Poisson distribution with parameter λ ,find its mean and variance.

(b) (05)For any r.v.’s X, Y show that E[X + Y ]2 ≤ [
√

(E(X2) +
√

(E(Y 2)]2.

(c) (05)State properties of Characteristic function.

(d) (05)Verify independence if the P (0, 0) =
1

9
, P (1, 1) =

1

9
, P (0, 1) =

5

9
and P (1, 0) =

2

9
.

Obtain conditional pmf of Y given X = 1, V (Y |X = 1)

8. (a) (05)Show that EyE[X/Y = y] = E[X]

(b) (05)Show that P [|X − E(X)| > C] ≤ σ2/C2 where σ2 is variance of X and C > 0

(c) (05)A sample of size 36 is taken from this exponential population with mean 4 what
will be the distribution of sample mean x? Hence find P [x < 4.5]. Given P [Z <
0.125] = 0.548, P [Z < 0.75] = 0.758, where Z has N(0, 1).

(d) (05)Examine whether the Weak law of large numbers holds for sequence of independent

r.v.’s {Xk}: Xk =











±k with probability
1

2k2

0 with probability 1−
1

k2

.
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      (3 Hours)          [Total marks: 80] 

Instructions: 

1) Attempt any two questions from each section. 

2) All questions carry equal marks. 

3) Answer to Section I and section II should be written in the same answer book. 

 

SECTION-I  ( Attempt any two questions) 

Q.1] 

A) Prove that ‘a ≡ b (mod n) if and only if a and b leave the same reminder when divided by n’.        [10] 

B) The sum of two positive integers is 100. If one is divided by 7, the reminder is 1, and if the other 

      is divided by 9 the remainder is 7. Find the numbers.                                                                         [10] 

Q.2] 

A) i) Prove that 𝑆ሺ𝑛, ʹሻ = ʹሺ𝑛−ଵሻ − ͳ.                                                                                                      [05] 

ii) Find the coefficient of  ݕଶݖଶ5ݔ and  ݕଶݖଶw. Find number of terms and sum of all coefficients in 

     the expansion of (ݓ + ݔ + ݕ +  ሻ5.                                                                                                     [05]ݖ

 B) State and prove principle of inclusion and exclusion.                                                                         [10] 

Q.3] 

A) A train required 15 hours to complete the journey of 972 kms. from Pune to Indore. It is known 

      that the speed of the train was 50 kms /hr. in first 3 hours and 40 kms /hr. in last 3 hours. Show  

      that the train must have travelled at least 234 kms. Within a certain period of three consecutive  

      hours.                                                                                                                                                   [10] 

B) Show that every sequence of n2+1 distinct real numbers contains a subsequence of length 

      n+1 that is either strictly increasing or strictly decreasing.                                                                 [10] 

Q.4] 

A) Show that a graph G is bipartite if and only if every circuit in G has even length.                             [10] 

B) Find the disjunctive normal to the function 𝐹ሺݔ, ,ݕ ሻݖ = ሺݔ ש ሻݕ ר ݖ .̅                                                 [10] 
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SECTION-II  ( Attempt any two questions) 

Q.5] 

A) Let 𝑓  be continuous function on ℝ satisfying Lispchitz condition , if ∅ and 𝜑 are two solution  

      of initial value problem ݕ′ = 𝑓ሺݔ, ሻݔሺݕ ; ሻݕ =    then show thatݔ   on an interval  𝐼 containgݕ

      ∅ሺݔሻ = 𝜑ሺݔሻ.                                                                                                                                      [10] 

B) Compute the first four successive approximation, if  ݕ′ = ଶݔ + ; ଶݕ ሺͲሻݕ   = Ͳ.                               [10] 

Q.6] 

A) Show that solution matrix ∅ of ݕ′ = 𝐴ሺݔሻݕ is fundamental matrix if and only if det ሺ∅ሻ ≠ Ͳ.         [10] 

B) Solve: 𝑑௫𝑑𝑡 = ݔʹ + Ͷݕ; ሺͲሻݔ     = Ͷ,       
𝑑௬𝑑𝑡 = ݔ − ;ݕ ሺͲሻݕ      = ͷ.                                                       [10] 

Q.7] 

A) Solve ሺͳ − ′′ݕଶሻݔ − ′ݕݔʹ + ሺ + ͳሻݕ = Ͳ using power series.                                                        [10] 

B) Let 𝑢ሺݔሻ be any non-trivial solution of 𝑢′′ + ሻ𝑢ݔሺݍ = Ͳ where ݍሺݔሻ > Ͳ, ݔ∀ > Ͳ if ∫ ݔሻ𝑑ݔሺݍ = ∞
∞ଵ   

     then show that 𝑢ሺݔሻ has infinitely many zeros on the positive x-axis.                                                [10] 

Q.8] 

A) Solve 𝑢௫ .𝑢௬ = 𝑢;   𝑢ሺݔ, Ͳሻ =  ଶ.                                                                                                        [10]ݔ

B) Find the following integral surface generated by the partial differential equation:                               ݔሺݕଶ + ௫ݖሻݖ − ଶݔሺݕ + ௬ݖሻݖ = ሺݔଶ − ݔ which contains the straight line ,ݖଶሻݕ + ݕ = Ͳ, ݖ = ͳ.     [10]                            


