Examination : SYBA_ Semester |V Subject : Mathematics (Paper 111)
Exam Date : 03-05-2019 Q.P.Code: 66044

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respecpiaés.

Q.1 | Choose correct alternative in each of the vahg (20)

i. | Let (G,Dlbe a group such thak, y[0G, then which of the following is always true?

(@) (xy)_l =y 'x* (b) (X—l)_l =x Ox, yOG,xy # yx
(€) | x™x = xmn (d) | All of the above
Ans | (c)

ii. | The set@D(Q\{O}) is forms a group under the binary operation

(@ |+ (b) | -
(c) |~ (d) | None of the above
Ans | (a)

iii. | Let D,denote the dihedral group. Thiy| =

@ |5 (b)| 120
(c) |10 (d)| None of the above
Ans | (b)

iv. | LetH be a subgroup of a gro then
(@) | Ox,yOH,xy*0OH (b) | Dx,yOH,xy*0G
(© Ox, yOH,xy*OH (d) | None of the above
Ans | (a)

v. | LetG be a cyclic group of order generated byd’ then{a”) = (a°) implies
@ |rs)=1 (b) | s=(nr)
€ |[(r)=s) d) | r/(ns)
Ans | (c)

vi. | The generators f0Z N 30Z are
(@) |60,—60 (b) [ 10,—10
(c) |20,30 (d) | None of the above

Ans | (a)




vii. | Let H be a subgroup off anda,b € G.If aH # bH then

(@ |aHNbH=0 (b) [aHNDbH + @

(¢) |aH c bH (d) | None of these

Ans | (@) aHNbH =@

viii. | Let G be a group of ordeR5. Then

(@) |G iscyclic (b) | Giscyclic org®=e, VgEG

() |g°=e, VgeEG (d) | None of these

Ans | (b) Giscyclic org°=e, Vg€eG

ix. | Let ¢:C* — C* given byg(x) = x* be a homomorphism theker¢ =

(@ |{1,-1} (b) | {1,-1,i,—i}

() | {i,—i} (d) | None of these

Ans | (b) {1,-1,i,—i}

x. |Let ¢:Z,, — Z,;, given by¢(x) = 3x then

(@) | ¢ is not a group homomorphism.

(b) | ¢ is a group homomorphism which is not ehene.

(c) | ¢ is a group homomorphism which is not onto.

(d) | None of these

Ans | (a) ¢ is not a group homomorphism.

Q2. | Attempt anyONE question from the following: (08)
a) | Define Centre of Group G. Hence or otherwisevprthat the Centre of any group
a subgroup of the group.
Ans Clearlyea=ae YaeG
= eeH=>H=¢ 1
Considerany x,y € H
xeH=xa=ax vYaeG = (1)
vyeH>ya=ay vaeG = (2)
=y iyayt=y!(ay) y! ~by (@
= (viy) (ay)yi=(yta) (yy ) - associativity of G
=efay)=(yla)e
=ayl=y(a)VaeG - (3)
=yleH
Consideranya e G 3
Consider, )

— Ay, y assuLlauyily
= (ax) y~‘£ by 1)
=a(xy 1) 2

Thus,Va € G

(xy)a =a(xy?)

=xyleH

Thus forany x, y € H

xyle H

= His asubgroup of G -




Prove that if foa 0 G ,0(a)=mthen O(ak ) =

m

gcd.(mk)’
Ans Let (m, k) =d, Leto (@ =n
(m,k)=d =d|m,d|k
> m=md, k=kd and (m;ki) =1 (1) 2
Consider (a4)™ = (ak9)m= (akyim, \ 2

= (aky)m

= (am)k]
=ek
=e

(@)™ =e and o(a¥=n
=n|m
Now, 0 (@) =n = (akn=e
=akn=e
Buto(@)=m =m|kn
:>m1d|k1dn
=m|n as (my ki) =1
Thus, by (*), (*)  mu=n
m
n=m =7
m m
:(;,-k_) Thus,n:i—n;k—)

(ie) o(ak) =ﬁ

(as o (a)=m)

1
-
by )
ry 2
Gy ()
1

(aso(a¥) =n)

Q.2 | Attempt anyTWO questions from the following: (12)
b) |i. Show that(Q*, o) is a group, where ob = a3—b, fora, b € Q*.

ANs | Closure
Associative trivial
identity = e = 3
Inverse ofa € Q* isb =§

ii. (1 2 34 5 6\, _(1 2 34 5 6 .
leta=(3 5 g4 5 )F=(3 6 21 5 3) €S Fnd
aB, ™1, af~t and their orders in the grosp. Clearly state the result used to
compute order.

Ans |a=(136)(25), B=(12634)

af=(136)(25)(12634) = (152)(34)
O(aB) = 3 x 2 =6( a,p are disjoint cycles)




p1=(43621),0(871) =5 (- Bisacycle oflength 5) 2

aBt=(136)(25)(43621)=(146523)
O0(af™1) = 6 (~+ B is acycle of length 6) 2

Let H andK be subgroups of group G. Prove tHat K is also a subgroup &f if
and only if eithe?td € K orK € H

Ans

If H € K,H UK =K, which is a subgroup df 2
If K< H,H UK = H, which is a subgroup af

H UK is a subgroup of
T.P.TeithetH CKorK € H

If H € K then nothing to prove

If not,

dxeHs.tx €K

Lety e K

x,yEH UK

~xy€H UK

If xy € K thenxy.y~! = x € K, which is a contradiction.
~xy€H

xlxy=y€H

~KcH 4

Let G be a group. Then prove thétha™1)" = ab™a,Va,b € Gand V n € Z.

Ans

By induction
n=0 2
(aba 1) = e = ab%a?

Assume fom > 0

(aba )™ = (aba ). aba™?
=ab"a" . aba?! 2
= qbh™t1lqg1

Forn<0, - n>0

(abaH™(aba )™ =e
(abaH"ab™mal=¢ 2
(aba )" = ab™a?

Q3.

Attempt anyONE question from the following: (08)

Let G be a finite cyclic group of order ‘n’ then protlatG has unique subgroup of




order’d’ for each divisot of n.

Ans

G is a finite cyclic group of order ‘n’ generateyn’
G=<a>0(@)=n
Letd|n ~ n =dd,

Considert =< ad > = < as >

n . n -4
(Tl, dl) dl
~ H =< aa >is a subgroup of order

0(at) =

Uniqueness:

Let H' be any other subgroup of order d

We know that’ is generated by™ wherem is the smallest positive intege
such thau™ € H'

H =<a™ >

dlq,rs.tn=mq +r,where r=00rr<m
If r <mthena” = (a™)" 1€ H'
Which is a contradiction because is the smallest positive integer such tha

n
~H =<a™>=<ad>=H

—

List all generators and all subgroups of tlgelic groupG = (a) of order 18.

Ans

G=<a>0(G)=0(a) =18
Generators
al,a® a’,a'l,a

13 517

,a

Subgroups
1|18 3!subgroup of order 1 namely

18

H, =< a1 >={e}
2|18 3!subgroup of order 2 namely

18

H, =<az >=<a’ >={a’ e}




3|18 3J!subgroup of order 3 namely
18

H; =< a3 >=< a® >={a% a'? e}
6|18 3!subgroup of order 6 namely

18
H, =< aes >=<a® >={a3 a%a’ a'? a'% e}
9|18 3!subgroup of order 9 namely
18
Hs =< a> >=< a? >= {a?, a* a® a® a'® a'? a'*, a'®, e}
18|18 3!subgroup of order 18 namely

18

Hy =< ais >=<a' >=G

Q3.

Attempt anyT WO questions from the following: (12)

b)

If G is infinite cyclic group generated laythen show thaf has exactly two
generator$a’ and 'a™!’

Ans

G is infinite cyclic group generated lay

Let b be a generator df

w<a>=<b>

a€E<a>cC<b> .a=>b"forsomen €Z
be<b>c<a> ~b=a™ forsomem€?Z
a=h"= (am)n = gmn

~mn =1 (+ ais of infinite order)
mn=1or—1

b=a' or at

=~ G has exactly two generatdra’ and 'a™!’

LetU(n) = {x|x € N,(x,n) =1,1 < x < n} under multiplication modula.
Determine which of the following groups are cycllastify your answer.
(P UMA) (@U(8)

Ans

U(4) = {1,3}
U(8) ={1,3,5,7}

AsO(3) =2 ~U(4) =<3 >

As0(@3) =0(5) =0(7) =2 ~ U(8) is not cyclic

Prove that every cyclic group is abelianthe converse true? Justify

Ans

Let G be a cyclic group generated fay

Letx,y €G

&~ x = a'forsomei € Z andy = a’ for some j € Z
xy =a'a) = a't =alt' =adla = yx

~ G is abelian

Converse is not true As we have kliens 4 grouprdén4 as abelian group
where order of each element is 2 hence its notaycl




Let G = (a) be a cyclic group of order 20. Find all distintdraents of the subgroup

(a*) and(a’).

Ans

20

_ 4y _ ¢4 8 12 16 3
(4'20)_5|<a)_{a la la la le}

0(a*) =

20

0(a’) = (7,20)

=20,(d’y=G 3

Q4.

Attempt anyONE question from the following: (08)

Let H is a subgroup of a groupthenaH = H if and only ifa € H. FurtheraH is
subgroup ofG if and only ifa € H.

Ans

Foree H—= ae€aH=H = a€H

Conversely,

let x€aH = x=ah,h€H = x=ah€H asa€H = aH<S H
ForaeH ande€ H = a=ae€aH = H S aH. HenceaH = H 4
Further aH is subgroup of¢6 = e€aH = e=ah, he H = eh™l!=a
Ase,h"''eH = eh’'=a€H

Conversely, asa € H = aH =H

Hence aH is subgroup ofG as H is subgroup ofG. 4

Let f:G — G’ is onto group homomorphisiihen show that
(p) f(e) = e’ , wheree ande’ are identities ofG andG ' respectively.

@ f@H=f@lLvaea
"N f@) =[f(@)]™Va€etG,meN

Ans

(p) Sincee-e=e = f(e-e)=f(e) = f(e)-f(e) =f(e)- e
using LCL we getf(e) = e’ 2
(@ ~aat=e=f(a-a")=f(e)
= f(@)- flaH=¢=fla™) =[] 2
(r) using induction, Fomm =1 , f(a') = f(a) and [f(a)]* = f(a)
Suppose form = k, f(a®) = [f(a)]*
Consider f(a**') = f(a*) f(a) = [f(@)]* f(a) = [f(@)]***
Hence f(a™) = [f(a)]™, Va€ G,meN 4

Q4.

Attempt anyT WO questions from the following: (12)

b)

Let G be a group and{ and K are subgroups of G. Show that
(HNnK)a=HanKa,Va€QG.

Ans

let xe(HNK)a = x=ga, wherege HNK

~g€EHandgeK = x=ga€Ha and x =ga€ Ka = x € Han
Ka

(HNnK)a € HanKa ------------------ (2)

Let yeHanKa = y=ha, y=ka for he H andk € K
~syal€Hand K = ya '€ HNK = ye(HNnK)a = HanKaC
(HNnK)a --(2) 6




(1) and (2) gives HanKa € (HN K)a

il. Let H andK be two subgroups of. If o(H) = p, a prime integer, then show that
either HNK = {e} or H C K.

Ans | Since H andK be two subgroups off = HNK is also subgroup of:.
Further HNK € H = HNK is also subgroup ofi.

By Lagrange's theoremg(HNK)| o(H) = o(HNK)|p

o(HNK) =1orp

If o(HNK) =1= HNK = {e}

If o(HNK) =p =0(H) ,alsoHNK € H givesHNK = H

HenceH C K. 6

iii. Let f:G — G’ is onto group homomorphisiihen show that

(P) o(f(a)) |o(a) ,Ya € G

(q) If G is abelian theG " is also abelian.

Ans | (p) Leto(a) =n thena™ =e

Since f is homomorphism= [f(a)]" = f(a™) = f(e) =€’
~o(f(@)In = o(f(a)) |o(a),Va€G 3
(q) Claim: G'is abelian (i.e.xy =yx, Vx,y €G’
Since f isonto3a,b € G suchthatf(a) =x,f(b) =y
Also G is abelian= ab = ba

Now xy = f(a)f(b) = f(ab) = f(ba) = f(b)f(a) = yx = G'is abelian. | 3

iv. | Show thatf:GL,(R) — (R*,) defined by f(A) = detA is a group
homomorphism. Also fin@&erf. Is f an isomorphism? Justify.

Ans | Now f(AB) = det(AB) = det(4) det(B) = f(A) f(B)
= f is homomorphism 2
kerf = SL,(R) , 2
since kerf # {e} = f an not isomorphism. 2
Q5. | Attempt anyFOUR questions from the following: (20)
a) | Construct composition table @< under multiplication modulo 5. Also find the ordsr
each of its elements.
Ans
1 2 3 4
1 1 2 3 4 3
2 2 4 1 3
3 3 1 4 2
4 4 3 2 1 )
0(1)=1,002)=4,03)=4004) =2
b) | LetG be a group. Prove that fatl G ,if 0(a) = nm then0(a™) = m
Ans | LetO(a™) =t
(@Mt =e
a't =e




nm|nt

mit.....(1)
(an)m =g =¢
Buto(a™) =t
tim.....(2)
From (1) and (2) S
t=m
¢) | Show that every group of prime orgers cyclic.
Ans | Let G be a cyclic group of order
Leta # e,a € G(Note : Such a choice is always possible)
0(a)]0(6)
0(a)lp
O(a) =1lorp
If 0(a) = 1,then a = e, bute was non identity element
If 0(a) =p,then G =<a > S
d) | LetG be a cyclic group of order 40. Find the numbeelements of order 4 and the numb
of elements of order 10 . Clearly state the result used.
Ans | Result:
If G is a cyclic group of order n generateddothen for every divisod of n there 2
arep(d) elements of ordet
4|40 .~.number of elements of order &) = 2
10|40 ~number of elements of order 1§ €10) = 4 3
e) | Prove that every group of ordd®9 contains a subgroup of ordér
Ans | Let G be a group of order 49.
If G iscyclicthenia € G such thato(a) = 49
Now o(a’) = (o(‘;()a’) == (4?7) =7 thenH = (a’) is subgroup of of order7.
If G is not cyclic ther¢ doesn't have any element of order 49.
Alsoo(a)| o(G), Vae G thenab e G, b+ e suchthato(b) =7
Hence K = (b) is a subgroup of7 of order7. 6
f) | Check whether(@,+) and (Q*,-) are isomorphic.
Ans | Supposeg: (Q,+) — (Q*,7) is isomorphism.
As —1 € Q" 3a € Q suchthatp(a) = -1
1 1 1 1 1\
“1=9@=0(3a+30) =4 (30) 0 (30) = [0 (39)]
1 *
Let¢(5a)=beQ then b? = —1 ]

Which is contradiction, square of no rational numbe—1.
(any other example may be taken)
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