Examination : SYBA_ Semester |V Subject : Mathematics (Paper 111)
Exam Date : 02-05-2019 Q.P.Code: 66043

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.
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(ii)Figures to the right indicate marks for respective parts.

Choose correct alternative in each of the following (20)
Let (G ,-) be a group such that Vx,y € G,(xy)" = then

(a) e (b) x™y™ if and only if G is abelian

e ()1 (d) None of the above

Ans (b) x™y" if and only if G is abelian

The set U,, forms a group under multiplication. Then the elements of U, are
(@ {1,3,7,9} b {1,2,- ,9}

e {1} (d) None of the above

Ans (a) {1,3,7,9}

Let S, denote the permutation group on 4 symbols. Then |S,| =

(a) 24 (b) 4
(¢ 16 (d) None of the above
Ans (a) 24

G is a cyclic group having exactly 3 subgroups namely G itself, {e} and a

subgroup of order 7. Then order of G is

(a) 14 (b) 49
(c) 7 p where p is any prime (d) cannot say
Ans (b) 49

Let G be a cyclic group of infinite order. Then the number of elements of finite

order in G is

(@ 0 (b) 1

(c) 2 (d) infinite

Ans (b) 1

Let G = (a) and order of G be 40. Then the elements of order 10 in G are

(a) a4-’ a8, al?, a16 (b) a4-’ a12’ a28’ a36



Vil.

viii.

ix.

Q2.
a)

(C) Cl4, a16’ a24-’ a32 (d) a4-’ a8’ a24-’ a28

Ans (b) a* a'? a?® a3°

Suppose a € G such that o(a) = 20 then number of cosets of (a®) in (a) is

(@ 3 (b) 4

(© 5 (d) None of these

Ans (¢) 5

Let H and K be subgroups of G such that o(H) =12 and o(K) =35 then
oHNK) 1is

(@ 2 (b) 1

(¢ 3 (d) None of these

Ans (b) 1

Let G be a cyclic group of order 7 and ¢:G — G given by ¢(x) = x*, then

(a) ¢ is not a group homomorphism.

(b) ¢ 1s a group homomorphism which is not one —one.
(¢) ¢ 1s a group homomorphism which is not onto.

(d)  None of these

Ans (d) None of these

Let G =D,,n € N. Define f:G — {1,—1} by f(x) =1 if x is a rotation
= —1 if x 1s reflection
then kerf is a subgroup of G containing only

(a) Reflection (b) Rotation and reflection

(¢) Rotation (d) None of these

Ans (c) Rotation

Attempt any ONE question from the following: (08)

1. Define Subgroup. Hence or otherwise show if H and K are the subgroups

of a group G. Then H UK is a subgroup if and only if H € K or K € H.



Ans Solution. Suppose H, and H, are two subgroups of a group
G. Let Ill(_:;I{' or ]]2(_;11\. Then H}UHQ':?HQ or f{l But Hl) f;{2
are subgroups and therefore H; | H, is also a subgroup.

Conversely suppose H;, |J H, is a subgroup. To prove that
H\CH, or H,C H,.
Let us assume that-H, is not a subset of Hy and Hais also
not a subset of H;.
Now H, is not a subset of H, = 3 g=H,; and aecHy ...(1)
and H, is not a subset of H; = 3 b= H, and b H,. ..(2) 2
From (1) and (2), we have ac H,|U H; and b H, | H,.
Since Hi U H, is a subgroup, therefore ab=c (say) is also an
element of H, ) H,.

But ab=ce=H,UH, = ab=c&H, or H,. 1
Suppose ab=ceH,. )
Then b=a"! ceH, [ H, is asubgroup,

therefore acH, = a ‘e H,] 1

But from (2), we have bezH;. Thus we get a contradiction.
Again suppose ab=ccH,.

Then a=chb-! € H, [ Hais a subgroup,
therefore b= H, = b~ H,] 1
But from (1), we have agcH,. Thus here also we get a con-
tradiction,
Hence either H,CH, or H,CH,. 1

1. Let G be a group ,a,b € G such that o(a) =m, o(b) =n and ab = ba. If
(m, n) =1 then o(ab) = mn.

Ans Sinceo (@)=n —ar=e } .

o(b)=m=bm =e

Consider (ab)™ = (ab) - (ab) ... (ab) 1
=(a-a...a)-(b-b...b)asab=ba
=gmn . hmn
= (@) (o
=em. gn by (*)
=e 2
Leto(ab)=r
rlmn « (1)
= (aby=e
a-br=e (as ab =ba)
ar=b—r ‘ 2
(@)= (brm
=(a)m=(bm)r=e
= (@™=eand o (a)=n tpmiif) =) 1
=n[rm=n|ras(n,m)=1.
Similarly we can show m |x.
As(n,m)=1=nm|r s (2) 1
= By (1), (2) r =mn = o (ab) 1



Q.2 Attempt any TWO questions from the following: (12)

b)

Q3.

1.

Show that (Q*,0) is a group, where aob = %’, for a,b € Q.

Ans  Closure 2
Associative trivial
identity =e =6 2
Y 36 2
Inverse ofa € Q" ish = —
1. Let G be an Abelian group and n be a fixed positive integer.
Let G™ = {g™|g € G}. Prove that G" is a subgroup of G.
Ans Letgl, gy eG™
g1 ™ = g1(gz )" = (192" (+ Gis abelian) 2
Hencegi'(g5)™ € G™ (~ g19;" € G) 2
By 1- step tesf™ is a subgroup of. 2
iii. Let a=(126)(634)(562)and f=(154)(3124) inS,
p) Write a and 8 as a product of disjoint cycles
q) Is 0(aB) = 0(a)0(B)? Justify.
Ans p)a=(12534), B=(12)354) 2
) 0(a) =5 0B)=2%x3=6 = 0(a) 0(B) =30
ap=(15) =>0(@@pB) =2
~0(aB) # 0(a)0(B)
Note thatx and $ are not disjoint . 4
iv. If a*=e, Va € G then show that G is abelian group.
Ans (ab)(ba) = ab?a=aea=a’=ce 2
But (ab)(ab) = e 2
By uniqueness of inverse = ba 2
Attempt any ONE question from the following: (08)
1. Let G be a finite cyclic group of order ‘n’then prove that G has unique
subgroup of order 'd’ for each divisor d of n.
Ans G is afinite cyclic group of order ‘n’ generated'n’

G=<a>0()=n
Letd|n ~n=dd;



11.

Ans

n
ConsiderH =< gqd > =< a% >
n

O(adl) = = —= d

(nn. di) dy
~ H =< ad >is a subgroup of ordet 4
Uniqueness:

Let H' be any other subgroup of order d

We know that’ is generated by™ wherem is the smallest positive integer
such thau™ € H'

H =<a™ >

dlqg,rs.tn=mq +r,where r=00rr<m

If r < mthena” = (a™)"1 € H'

Which is a contradiction because is the smallest positive integer such that
a™ e H'

n=mq
OH)=d
o(@a™) =d
n —
(nm)
n
—=d
m 4

n
~H =<a™>=<qd >= H

List all generators and all subgroups of the cyclic group G = (a) of order
16.

G =<a>0(G)=0(a) =16
Generators

1,3 45

al a®,a5 a’,all, q13, g% 2

a’,a
Subgroups
1|16 3!subgroup of order 1 namely

16

H; =<a1 >= {e}

2|16 3F!subgroup of order 2 namely
16
H, =< a2z >=<a® >= {a® ¢}

4|16 3!subgroup of order 4 namely
16

Hy =< a+ >=<a* >={a* a8 a'? e}

8|16 3!subgroup of order 8 namely
16

H, =< as >=<a? >={a? a* a% a8 a'® a'? a'* e}

16|16 3!subgroup of order 16 namely
16
Hs =< a1e >=<al >=G 6



Q3. Attempt any TWO questions from the following: (12)
b) 1. If G is infinite cyclic group generated by a then show that G has exactly

two generators 'a’and 'a”l’.

Ans G is infinite cyclic group generated lay
Let b be a generator a@f
w<a>=<b>
a€E<a>C<b> .a=>b"forsomen€Z
be<b>c<a> ~b=a™ forsomemE€?Z
a=h"= (am)n = g™
~mn =1 (+ ais of infinite order)
mn=1or—1
b=a' or a™t
= G has exactly two generatdrg’ and ‘a™’ 6

1. LetU(n) = {x |x €N, (x,n) = 1,1 < x < n} under multiplication modulo n.

Determine which of the following groups are cyclic. Justify your answer.

() U(5) (q) U(8)

Ans U(5) ={1,2,3,4}
U(8) = {1,357} 2
AsO0R)=4 ~U(5)=<2> 2
As0@3) =0(5) =0(7) =2 ~ U(8) is not cyclic 2

ni.  Prove that every subgroup of a cyclic group is cyclic.

Ans LetH be a subgroup of a cyclic groGp=< a >

Claim: H is generated by™ wherem is the smallest positive integer such 2
thata™ € H

TP.T H=<a™>

H2<a™>...(1) 1

TPTHC<a™ >

Letb = a* € H for some k

Alg,rs.tk=mqg+r,where r=00rr <m

If r < mthena” = a*~™4 = g*(a™)~9 € H which is a contradiction because
m is the smallest positive integer such th&te H
r=0

k =mgq

b=ad¥=a™ e€<a™ >

Hc<a™>....(2)

H =< a™ > ---from (1) and (2)

~Every subgroup of a cyclic group is cyclic

iv.  Prove or disprove: ¢ ={(1,1),(1,-1),(-1,1),(-1,—1)} is a group under
the operation (a,b)(c,d) = (ac, bd) but not a cyclic group.



Q4.

Ans

(1'1) (1' _1) (_1'1) (_1' _1)
(1'1) (1'1) (1' _1) (_1'1) (_1' _1)
(1' _1) (1' _1) (1'1) (_ 1, _1) (_ 1, 1)
(=11) =11 (=1-1 (L1) L-1
L-D [ L-D [ (=11 (1,-1) an | *

G is closed under the given operation
Identity element = e £1,1)
Inverse of each element is itself

~ G is a group under the given operation 1
As order of each element is 2
~ G is not cyclic 1
Attempt any ONE question from the following: (08)
1. State and Prove Lagrange's theorem for finite group.
Ans Statement : Let G be a finite group and H is subgroup of G then 1M
o(H)]o(G). Proof : Since G is finite group it has finite
number of left (or right) cosets. 2M
Claiml: f: H — aH is bijective using f(h) = ah ,h € H
Claim1 gives o(aH) = o(H),Va € G = -------=-=---- (1)
Claim2 : Any two cosets are either identical or disjoint. 2M
Suppose a H,a,H, - ,a;H are all distinct and disjoint cosets of
HinG. e 2)
Claim3: G = U, a;H 2M
Using (2) and claim3 we get 0o(G) = o(a;H) + o(a,H) + -+ -+ -+ +
o(aixH) 1M
Using (1) o(G) =o(H) 4+ o(H) + -+ -+ -+ + o(H), k —times
0(G) =ko(H) = o(H)|o(G).
1. Let f:G — G’ is onto group homomorphism. then show that
() f(e) =e', where e and e’ are identities of G and G’ respectively.
(@ flaH=[f@I"vaed
) f(@™) =[f(@]™ VaeG,meN
Ans (p) Since ere=e = f(ere)=f(e) = f(e)-f(e)=f(e)- e’
using LCL we get f(e) = e’ 2M



Q4.

b)

(@ v aat=e = fla-a™)=f(e)

= fa@)-fla) =e¢" = fla™") =[f(@)]™ 2M
(r) using induction, For m =1, f(a') = f(a) and [f(a)]* = f(a)
Suppose for m =k, f(a*) = [f(a)]*
Consider f(a**') = f(a"*) f(a) = [f(@]* f(a) = [f(@)]**"
Hence f(a™) =[f(a)]™, VaeG,meN 4M

Attempt any TWO questions from the following: (12)

1.

Ans

11.

Ans

111.

Ans

Let G be a group of prime order p. If H and K are subgroups of G then
show that either HNK = {e} or H = K.

Since H and K be two subgroups of G.

By Lagrange's theorem , o(H)| 0(G) and o(K)|o(G) = o(H)|p

and o(K)|p

As p is prime. o(H) =o(K)=1or p

If o(H)=0(K)=1=H=K ={e} --------- (1)
If o(H)=0(K)=p=0(G),alsoHand K € G gives H=K =G -- (2)
(1) and (2) gives either HNK = {e} or H =K. 6M

Let G be a group of order pg where p and q are distinct prime integers.
Show that every subgroup H # G is a cyclic subgroup of G.

Since H is subgroups of G

By Lagrange's theorem , o(H)| o(G) = o(H)| pq

As p and q are distinct primesand H# G = o(H)=1or p or ¢ 3M

If o(H) =1= H ={e} = H 1is cyclic. 1M
If o(H) =p and pis prime = H is cyclic. 1M
If o(H) =q and q is prime = H is cyclic. 1M

Find the number of group homomorphism from Z,, to Zg.

Let f:Z,y— Zg is a group homomorphism.

Let 1 € Z,, then f(1) defines all homomorphism. Also o(1) = 20
1€Zy, and f(1) € Zg = o(f(1D)) | 0(Zg) = o(f(D))|8  ------- (1)
As f is homomorphism = o(f(1))]o(1) = o(f(1))]|20 ----
- (2)

(1) and (2) = o(f(1)) | ged (20,8) = o(f (D)) | 4



Q5.

Ans

b)

Ans

= o(f(1)) =1,20r4 6M
Since f(1) € Zg = there are 4 elements {0}, {4}, {2,6} of order
1,2,4 respectively. Hence there are four homomorphism.

iv.  Define automorphism of groups. Let a € G, show that f,: G — G defined by
fo(x) = axa !,V x € G is an automorphism.

Ans An automorphism is an isomorphism from a group G to itself. 1M

Now f,(x) fo(¥) = (axa™) (aya™) = axa™aya™

=a(xy)a™ = fo(xy)
Now f,(x) = f,(¥) = axa™*=aya™ = x =y using LCL & RCL
Let y € G and a € G then a“'ya € G such that
fa(alya) = aa”lyaa t =y 5M

Therefore f, is an automorphism.

Attempt any FOUR questions from the following: (20)
State and prove necessary and sufficient condition for a non empty subset H of a

group G to be a subgroup of G.

A non empty subséd{ of a groupG is a subgroup of if and only if 2
ab '€ Hfora b €H
Identity
a€H aateH e€H 1
Inverse
e,a€H ~eal=aleH

1
Closure
fora,b€ H=ab'eH = ab™))'eH=abeH

1

(/1 0 1 O -1 0 -1 0 ”_

Let G = {(0 1) ,(0 _1) ,( 0 1) ,( 0 _1)} . Construct composition table

for G under multiplication of 2 X 2 matrices.

G | G
)

Co )




Ans

d)

Ans

Ans

f)

Ans

G 2D 6D | G2
o 2D | G

Prove that every cyclic group is abelian.

Let G be a cyclic group generated oy

Letx,y €G

~x =d, forsomei € Z andy = a’ for some j € Z

xy =a'a) = a't =alt' = adlal = yx

- G is abelian 5
Let G be a cyclic group of order 42. Find the number of elements of order 6 and

the number of elements of order 7 in G. Clearly state the result used.

Result :

If G is a cyclic group of order n generateddothen for every divisod of n there 2
arep(d) elements of ordet

6|42 ~number of elements of order @&6) = 2

7|42  ~number of elements of order 9€7) = 6

Prove that every group of order 49 contains a subgroup of order 7. ’
Let G be a group of order 49.
If G iscyclicthen 3a € G such that o(a) = 49
Now o(a’) = z ((;()a’) 5= (4‘;"37) =7 then H = (a’) is subgroup of G of order 7
If G is not cyclic then G doesn't have any element of order 49.
Also o(a)| 0(G), Va€ G then 3beG, b+ e suchthat o(b) =7
Hence K = (b) is a subgroup of G of order 7.

6M
Let G be a group. Show that f:G — G defined by f(x) = x?,Vx € G is an
homomorphism if and only if
Since f is homomorphism then f(xy) = f(x)f(y) = (xy)? = x?y?
= (xy)(xy) =xxyy = x(yx)y =x(xy)y = yx =xy = ( is abelian. 3M
Conversely, as G is abelian f(xy) = (xy)? = x% y? = f(x)f(y)
Therefore f is homomorphism. 2M

10



