Exam:S 'Y B A-Semester 4
Mathematics paper 2(Revised)
Exam Date :26/04/2019
Q.P Code-66048
Answer Key

(3 Hours) [Total Marks: 100]
Note: (i) All questions are compulsory.

right indicate marks for respective parts.

(ii)Figures to the

Q1 Choose correct alternative in each of the following (20)

i. Let f and g be functions such that the function f. g is integrable on I , then
(@) | Both f and g must be integrable on I (b) At least one of f and g must be integrable on
(c) | f and g may or may not be integrable on I (d) None of these
Ans | (c)

ii. . . _( lifxeqQ
If £:[0,1] ~ IR be defined by f(x) = { 0ifx e IR\Q
Then
(@ |Uf,P)=0,L(f,P)=0
(b) |U(f,P)=1L(fP)=1
(c) |U(f,P)=1L(f,P)=0
(d) | None of the above.
Ans | (a)

iii. | The norm of the partition P={ -7, —5.8,, —4.8, =3.2,3 } is
(@ [6.2 (b) 1
(c0 |16 (d) None of the above.
Ans | (a)

iv. Let f:[a, b] —» R be continuous function and f(x) > 0, Vx.If F(x) = f(ff(t)dt then
@) F(x) > 0,Vx € [a, b] (b) F(x) is strictly increasing on [a, b]
(c) | F(x)isconvexon [a,b] (d) None of these
Ans | (b)

V.
If F:[0,1] » R s defined by F(x) = fox sin(t?)dt ,then
(a) F'(x) = sin(x?) (b) F'(x) = cos(x?)
() | F'(x) =sinx d) None of these
Ans | (a)

i . o 1 _

VL. | The type I integral [ = A=

(a) T (b) T
2
() n (d) None of these
4

Ans | (b)




vil.

The expression for finding length of the curve y = %2 over [0,1] is given by

@) —[1\/1+x2 dx (®) f1V1+xdx
0 0
(C) 1 x2 p (d) 1 x2 4
fo 1+ I X fo 1+ 7 X
Ans | (a)

viii.

Which of the following definite integral represents the area of region bounded by the graphs
ofy=x%&x+y=2?

a 1 b 1
(a) f (2 - x — x2) dx (b) f Q2+x+x?)dx
-2 -2
c 2 d L
© f (2 —x? —x) dx @ j (2 —x* —x) dx
=2 =1
Ans | (a)
H 1
e f x°5(1—x)3dx =
0
@ |1 (b) 1
2 3
|1 (d) None of these .
4
Ans | (d)
x f x?e *dx =
0
(@ |6 (b) 1
(c) |2 (d) None of these
Ans | (¢)
Q2. Attempt any ONE question from the following: (08)
a) i. If f:[a,b] = R be abounded function and a < ¢ < b, then prove that f is Riemann

integrable on [a, b] if and only if f is Riemann integrable on [a, c] and [c, b].

Ans

Let f is Riemann integrable on [a, b]

Case 1: ¢ € P then let P: a=Xo, X1,X2,.......
Divide P into P1 and P2 such that
P1:{a=Xo, X1,X2,....... Xr=C}

And P2: {Xr+1, ........ Xn=b}

Then since U(f,P) — L(f, P) < € implies

U (f,Py)—L(f,P) <€ and

U, P)-L(fP)<Ee

...... Xn=

Case 2: ¢ doesnot € P then let P> = P U {c} implies U(f,P,) — L(f, P;) < € and

U(fP,) — L(f, P,) < €

Implies f is Riemann integrable on [a, c] and [c, b]. (4 marks)

Conversely

f is Riemann integrable on [a, c] and [c, b].

Then there exist partitions p1 and P2 of [a, c] and [c, b] such that U (f, P,) — L(f, P,) < € and

U(f,Py)—L(f,P)<€

And U (f, P) — L (f, P) = U (f ,P1) — L(f, PL)+ U(f,P2) — L(f, P2) implies

U (f, P) - L (f, P) < € (4 marks)




If f:[a, b] = R is a monotonic function then prove that f is Riemann integrable on [a, b].

Ans

Claim: if f is monotonic on [a, b] then f is R integrable.
Let P= {x0, x1, ..., Xn ] be a partition of [a, b]
As f is monotonic there are X; and x’j41 in [X;.1 Xi] such that Mi=f(x;) and mi=f(x; .1) where
M =sup{f(x)/x€[X;.1 Xi] } & m;=inf {f(x)/xE[X;.1 Xi] }-
........... 3Marks
UP, f)—L(P, =YL (Mi —mi)(xi —xi — 1) < ¥ (F1+ 1) — f(x'1)) (Xr — Xp—1)
............. 2 marks
Hence U (P, f)—L(P,f) <€ .......... 3marks

Q.2

Attempt any TWO questions from the following: (12)

b)

If f:[a,b] » R be a bounded function and P and Q are any two partitions of [a, b] then
prove that L(P, f) < U(Q, f).

Ans

Let P= {x0, x1, ..., xn ] be a partition of [a,b]. Given P is subset of Q
Letyl,y2,....ym are extra points which are in Q but not in P.
Let P;=P u{yl}. letyl € [xj — 1, xj] .....2 marks
L (P )~ L(Ps H=(m; -m’;)(yL-xj-1)+ (m; -m”*;)(xj- y1) < 0
Where m; = inf{f(x)/X€[x;.1 ;] }
m; = inf{f(x)/x€[x;..y1] }
m’’; = inf{f(x)/xe[ylx] }
As m’; = mjand m”’; = m;....... 3 marks
Therefore L(Py,f) =L(P,f)
Similarly ,
L(P,,f) =L(P..f)
L(Pmf)= L (Pmi1,f)= LPma2,h)........ >L(P.f)
but P,=Q ....1mark
U (Q ,f)>L(Q ,f) =L(P,f)

If f is Riemann integrable on [a, b] then for any k € IR prove that

fabkf _ kfabf

Ans

Prove that U(kf,P) — L(kf, P) < €

And U(kf) = L(kf) implies

OR

Casel:k>0
Prove that U(k f, P) =k U(f, P)
U(k f) =k U(f)
Similarly L(k f)= k L(f)
Since fis Riemann integrable on [a, b],U(f)=L(f)= fff
U(k f)=k U(H)=k L(f)=L(k f)




[P kf =UKD =kU® =k [ f (3M)

Case2: k<0
Prove that U(k f, P) =k L(f, P)
Uk f) =k L(f)

Similarly L(k f)= k U(f)

Since fis Riemann integrable on [a, b],U(f)=L(f)
U(k f)=k L(f)=k U(f)=L(k f) (2M)

L%f=U&0=kM0=kL?

Case3: k=0...... (1IMm)

f%szzkf?

iii. If f:[a,b] » R beabounded function then prove that L(f) < U(f).

Ans | Prove that U (f, P) < L (f, P)
Implies inf {U (f, P) for all partition P} < sup {L (f, P) for all partition P}
Hence L(f) < U(f)

iv. If f is Riemann integrable on [a, b] then prove that f* is Riemann integrable on
[a, b].

Ans | Since [F(x)-F(y)] = [F)-FIFE)+Y)I< 2kIf (%) = FO)]
(Since f is bounded)

U P, P)-L(pPA)=E M;(f2) —my(f? )Ix j—x j_4]<€
Hence f*is R integrable.

Attempt any ONE question from the following: (08)

i. State and prove the Fundamental Theorem of Calculus.

Ans
Statement: Letf: [a, b] —» R be R-integrable on [a, b] and F(x) = f;f(t)dt, Vx € [a, b].If f is continu
on [a, b] then F is differentiable and F'(x) = f(x).

Proof: Let h > 0 such that x + h € [a, b]. Then

F("+)‘F(x) - %[f;”hf(t) dt].since £ is continuous on [x, x + h] hence bounded.
Let sup(f)=M and inf(f)=m = m < %f:mf(t) dt <M = 3c € [x,x + h] such that

~[7 F(6) dt = f(c(h)) since x < c(h) < x + h = c(h) = x as h - 0.hence the proof.

ii. State and prove comparison test for improper integrals of type-I.




Ans

Statement

If |f(x)] < klg(x)|for all x> x, then

Convergence of faoo |g(x)| dx implies Convergence of faoo |f(x)] dx and divergence
of faoo |f (x)| dx implies divergence of faoo lg(x)] dx

Proof : Part 1:

Given [, |g(x)| dx is Convergent

By Cauchy’s Criterion for any € > 0, there exists x; > a such that for all
y>x2x > a, | [Jlgeoldx| <%

Let x,=max { xg,x; }

Forally>x>x, > a, | [JIf)ldx| <| [Jklg(x)ldx| <e

By Cauchy’s Criterion faoo |f (x)] dx is convergent

Part 2: Given faoo |f(x)] dx is divergent. (4M)

TPT [ |g(x)| dx is divergent.

Suppose faoo |g(x)| dx is convergent.

But then by partlfaoo |f (x)| dx is convergent ,which is not true

Hence our assumption is wrong
Proved (2M)

N

Q3.

Attempt any TWO questions from the following: (12)

b)

x?sin () if0<x<1
0 ifx=0

Show that Fis differentiable over [0, 1].Let f : [0, 1] — Rbe given by

f(x) = F'(x) find, f(t)dt.

Let F: [0,1] — Rbe defined by F(x) = {

Ans in (T) T

Fi(x) = {2’“ sin (§) —meos (3) x %0 s [} f®de = F() = F(0) = 0.

0 ,X =

ii. . 1 ,x t?

Evaluate lim,_,c, ;fo ——dt
Ans x t2 . t2 . . — .

Let F(x) = fo v Since f(t) = — Is continuous - by FTC Fis differentiable and

F'(x) = f(x).

. 1 rx t? . F(x) . F'(x) . .

s limy o0 Ffo mdt = lim, 6 = lim,,_, s = does not exist..(by L Hospitals rule)
iii. State Abel’s and Dirichlet’s Tests for the conditional convergence of type 1 improper integral and

discuss convergence of I = fox cos x? dx
Ans | Abel’s Tests:

If f is Reimann integrable on [a, «) and [ is monotonic and bounded on [a,«), then function (fB) is

Reimann integrable on [a, «)

Dirichlet’s Tests:

If f is Reimann integrable on [a X) , for all x > a ,if F(x)= fjf(x) dx and if B is monotonic and

iflim,_ . B(x) = 0 then function (fB) is Reimann integrable on [a, )




1
I:fo cos x% dx +f10O cosx?dx=1;+1,
I, proper integral

—[*® 2y 1
l2=[, (2xcos x?) —dx

Letf(x)= 2xcosx? B(x) ==
Putx? =t
|f1x (2xcosx?)dx| = | —sin1 + sinx? |< 2

Since f is conti, f is R-integrable on [1, x] and the integral is bounded .
lim,_, B(x) =0
By Dirichlet’s Test I is convergent.

iV. b 1 . .
Prove that fa P dx converges ifand only if p < 1.
Ans | Standard proof:
b 1 . x 1 . .
P=1..J; = dx =limy_,_ | — dx =lim,,_ —log(b — x) + log(b — a), diverges to o
b 1 . x 1 . (b—x)7Pt? _ (b—a)~P*1
p#£l o Gx = limy Jo Goop X = Jlim = —,
forp>1,...coiiiiiiiin dgt
(b—a)~Pt1
forp<l,......cco.oiinnnan. cgt and converges to ————
-p+1
Q4. Attempt any ONE question from the following: (08)
a) I State relation between beta and gamma function and hence show that I' G) =
Ans :—;—-———‘ = /f P
(o AL} @N) &) Rt\“ Liam vetl o et &( a"""_'"\‘\
PL,“ n) s T(trﬂ‘((nz ; .f\\(\ 20
) TN an) !
st (L) s V7T

' Y L) () * N L)
| Bl ) s WD YES) o (M)~ ( :
o T4 S = L) ’
rp&m,n). s af  (s:n8)™" (cost) A8
\ o iy

M. Al dB -
|l selocetN=r 2 ML e ST

State the disk method for finding volume of solid generated by revolving a continuous
curve (i) y = f(x) about X-axis between x = a & x = b and (ii) x = g(y) about Y-axis
between y = ¢ & y = d. Hence find volume of solid generated by revolving the line

y =5 — x about X-axis between x = 0 & x = 5.




ANS | paCadfii) Dk eethod
= Volume  of solid  acnsasirel 1(\6‘0\ thtk —
— MCMANT a'- feun a\gu& K= ailér_h vﬁ_
T v (P G o
_i j ry—_o-lurm._ .uE“SsL\.f-’i— neasbead u.vp\\m%. e
" C_ML__‘Kss.aE) aby VY-oamus s %I!.v"\ ba
S | H—— = o T
e Ve guntdy -_— B
g I L —
T V=l e—ay dx
— ———— £ =
:_'_Tr,—CL‘::Z‘.) ]D i
el —
b-—':—-—[/o:_fﬂ z 13sm -
. = 3
Q4. Attempt any TWO questions from the following (12)
b) |1 Define beta function and express [ x™* (1 — x*)™~" dx in terms of beta function.
Ans \Cfﬁ"\_y
(B> () Pefa £° Jc£n~.
' Lt -
[ =™ Y ol
Lub ?’—;t' =) A dx = d& ;)‘l&vx:%
A L o - —
‘art =) oAb = pem-l, n)
2~ 2 I < £
Show that I'(n) = 2f°° m-1o-x* gy




Ans

Ml tst ()= gj ™ &% Joy ] B

Xin) = -f ™ et oy o

Sub x=+" 2  BRoda ,aP-[— ..) b = #2'?0“:

when % = 20, l—z.o AP, $ 00

-‘-T6n5;vf i Nl = il (SEE)

°  _an-| 2

SN = 2] L e ‘el

Ans -
@ (2D i -
= gj;ﬁé‘t _of E£\  abt Y-axis -
= :
.f'(t!;a gpf)’ a_r
ey @ee)” = JUrup* = [Tre> 4
Jce't @)’ # -
P . [on ) [Pyttt
1 - -
= J orxat x NittEt = 4 |
' - Efi_ — g
= %E‘Lg__’ 'J ' N
iv. The solid lies between planes perpendicular to X-axis at x = —1 & x = 1. The cross-section

|

perpendicular to X-axis between these planes run from the parabola y = —v4 —x?toy = V4 — x2.
Using Slicing method, find volume of solid if cross-sections are circular discs with diameter in
XY -plane.




Ans L T
E =
@ (B)Gv) , -
‘ Cypss-sections axe ngcu\ax_dﬂg-s witn &‘hm‘
- U \n XY pPlane -
2
S. Aadrug Eiy_ <s2 é: Y- I
" A o PMes = Beay- TCY-RY .
2 e
Volum, - J TCY—x*) dy = 22T —
, —2 3
Q5. Attempt any FOUR questions from the following: (20)
a) If f:[a, b] = R be a bounded function and P be a partition of [a, b] then define
U(f, P), L(f, P),U(f),L(f) and give definition of Riemann integration.
Ans U(f’ P)= Z?:l Mr(xr - xr—l)
I—(f’ P) 2211}:1 my (xr - xr—l)
U(f)=Inf{ U(f, P)/ for all partitions P of [a, b]}
L(f)=sup{ L(f, P)/ for all partitions P of [a, b]}
If U(f)= L(f) then f is said to be Riemann integrable.
b) If f,g : [a, b] = R be Riemann integrable on [a, b], then prove that f + g : [a,b] » R
is Riemann integrable on [a, b]
Ans Let P= {x0, x1, ..., xn | be a partition of [a, b]
let Mi=sup {(f+ g) (X)/x€[xi-1xi] } & m;=inf {(f+ g)(X)/x€[xi.L xi] }
let M’ =sup{f(x)/x€[xi1 Xi] } & m’;=inf {f(X)/XE[X;.1 xi] }
let M”’i=sup{g(X)/XE[Xi.1, Xi] } & m”’;=inf {g(X)/xE[Xi-1 Xi] }
then M € M’ +M”7; and mj> m’; + m”; fori=1,2,....n
Hence U (P, f+ g) - L(P, f+g) <U(P,f) - L(P,f)+U(P,g) -L(P, g)...... *) 3 marks
But f & g are R- integrable on [a,b] hence there are partitions say P; and P,
Such that U(Py ,f)- L(Py,f) <§ and U(P;,9)- L(P,,9) <§ 2 marks
Take Pzpl U P2
Then U (P.,f-L(P f)< § and U(P,g)- L(P,g) <§ ....2 marks
Hence U (P, f+g) - L(P,f+g) <€ by ™
Therefore f +g is R-integrable on [a, b]
c)
If f : [a, b] = R be a continuous, then show that 3 ¢ € (a, b) such that
[y F®dt = F(©)(b - a).
Ans Ans: Let F(x) = f;f(t)dt, Vx € [a, b].since f is continuous .- by FTC , Fis differentiable and F'(x) = f(x).

by LMVT 3 ¢ € (a, b) such that F'(c) = “2=5(

= flo)(b—a) = f;f(t)dt - f;f(t)dt hence proved.




d) dentify the type and discuss the convergence of each of the following integrals

1 d oo sin?
D [, 7= (), =5~ dx

Ans | () f(x)= ==
Letg(x):%

lim, 04 g =1, finite non zero

. 1
since fo g(x)dx is not cgt ,(p=1) by limit comparison Test

sin?x 1
() =< forallx>1

since P=2>1, [° g(x)dx is cgt.
By First comparison Test f1°° f(x)dx is cgt.

e) | Find the area of the region bounded by the curves x = y?& x + 2y* = 3.

Ans
— @.(e) Ateq d'b X%io‘f\ bd 4 bet" Hhe CuRAT 7(;(\\4;"&\»
- A= f&—-aﬁ\"
- Te dc\ncg inkesval q igq %ig%M
2

N

3
. - 3-2 — =
yras=ays o foa)

= - Mesg = r Ca-ay>) - éji&@

|

= I jf?%\rdu -4
£ Jd

f) | ShowthatI'(1) = 1.

10



Ans

Nee) =

<. )




