Examination : SYBSc Semester |V Subject : Mathematics
Exam Date : 27" April, 2019 Q.P.Code: 66041

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respecpaés.

Q.1 | Choose correct alternative in each of the vahg (20)

i. | Let a,bOD,, whereaandb denotes rotation and reflection thah|F

(@ |2 (b) 3
(c) |6 (d)| None of the above
Ans| (2)

ii. | LetH andK be the subgroup of a groG ThenH O K

(@) | Is always a subgroup of G

(b) | Is never a subgroup of G

(c) |lIsasubgroup oBifand onlyif HOKor KOH

(d) | None of the above

Ans| (c)
iii. | The setz, is forms a group under the binary operation
(@ |+ (b) "=’
(c | (d) | None of the above
Ans| (a)
iv. | Inthe group Zug, + ), order of10 is
(@ | 10 (b) 9
(c) |6 (d)| 18
Ans| (b)
v. | Let His a proper subgroup @funder addition and 12, 14, &H then
(a) |H="756z (b) H=2Z
(c) |H=4Z d)|H=Z
Ans| (b)

vi. | Let a be an element of a group and let order of@ be infinite then how
many generators does the greup >have?

(@) | Only one (b) Exactly 2
(c) | Infinitely many (d) none
Ans| (b)

vii. | f G =(Z,+) andH = {0, £3,+6,19, - - } then

@ |11+H=17+H (b) | 11+H=7+H




(€)

7+H=23+H

(d)

None of these

Ans

@ 11+H=17+H

Let G be a group of order 8 thea mu

st have an element of order

viil.
@ |2 (b) | 4
(c) |8 (d) | None of these
Ans | (a) 2
ix. | Let ¢:C* — C* given by¢(x) = x* be a homomorphism thekery =
(@ [{1,-1} (b) | {1,-1,i, -}
(c) |{i,—i} (d) | None of these
Ans | (b) {1,—-1,i,—i}
x. | Let G be an abelian group which has no element of &derd ¢: G — G given by
¢(x) = x2, then
(@) | ¢ is an automorphism.
(b) | ¢ is a group homomorphism which may not be enae.
(c) | ¢ is an automorphism & is finite.
(d) | ¢ is nota group homomorphism.
Ans| (a) ¢ is an automorphism.
Q2. | Attempt anyONE question from the following: (08)
a) |i. | Show thau ={a0Z,|l<as<n-1(an)=1, form a group under the bina

operation «’.

ry




Ans

We first prove that closure property is satisfied.

Leta, b e Z,

=(@n)=1land (b,n)=1

=(ab,n)=1

=abeZ, =a-belZ, 2

Hence U (n) is closed with respect to multiplication.
Clearly 5-(E~E) =a-bc=abc
and. (3-5).c=ab-c=abe ‘ 1
Hence associative property holds in Z, with respect to multiplicaﬁdn.
Further 1 e Z,is such that
T.3-3.1=Ta=3 i 1
and this is the identity element in Z,. -
‘Let aeU() =(@n=1

= Jintegers b, ¢ € Z such thatab + nc=1 2
=ab=1-nc=1+(-c)n

:>abs‘1(modn):>»5-l_)‘=i
Furtherab+nc=1= (b,n)=1=b e U(n)
This fora € U (n), 3b e U (n) such that

a-b=b-a=1= Multiplication inverse exists for every a e U (n) =
U (n) is a group with respect to multiplication modulo n. 2

Define Centre oGroup G. Hence or otherwise prove that the Cerfteny group is
a subgroup of the group.

Ans

(Clearlyea=a2e vaeG
= eeH=>H=¢ 1
Considerany x,y € H

xeH=xa=ax VaeG =il
yeH=>ya=ay VaeG = Q)

=y l(yay-t=y"1!(ay) y! ~by ()

= (vy) (ay) 1 = (y1a) (yv-) --- associativity of G
=efay)=(y'a)e

=ayl=yiaVaecG ) 3
=yleH

Consideranya e G
Consider,
(XTl) a =x(yla) associativity
=x(ay) by (2)and (3)

=(xa)y-!  associativity
=(@)y?! -by()
=a(xy1) 2
Thus,Va G
(xy-a =a ()
=>xyleH
Thus forany x, y € H
xyte H
= His a subgroup of G - 2




Q.2

Attempt anyT WO questions from the following:

(12

b)

Let G be a group. Prove that,
(aba™ )" =ab™a™', VabeGandVneZ

Ans

By induction
n=20
(aba™)? = e = ab%a?

Assume fom > 0

(aba )" = (aba ). aba™?
=ab"a '.aba™?!
=qbh™tlqg~ !

Forn<0, —n>0
(aba D" (aba )™ =e
(abaH"ab™ma 1 =e
(aba )" = ab™a™?!

Let G be a group and € G. Show that! = {a®"|n € Z } is a subgroup of.

Ans

Letx,y € H . x = a®*™ and y = a®™, for somen,m € Z
xy—l — aZn(aZm)—l = g2n—2m — g2(n-m)

~ xy~! € H by 1-step test .

2

2

2

Let G be a group and € G with 0(a) = n then show that if and only #"=e then

njm.

Ans

=)

O(a)=n

T.P.T ifa™=e then njm.
Letm=ng+r,r=0o0rr<n
e=am"=a"""=q".qa"=a" = a =e
If r <n,a” = e is a contradiction A8 (a) = n.
~1r=0

~nlm

(=)
Given nlm -~ m=nq
a"=a" =@ =e




iv. |Leta=(125)6135)ang? =(134)(265)(234) .Writea andf as a product
of disjoint cycles. Further, verify the following.
p)O(a) = 0(a™)

q) 0(ap) = 0(Ba)
N o(apa™) = 0(B)

Ans|a=(13)(256),8=(13)(246 5)
a1=(13)265), 0(a) =0 1) =6 2
af =(24),pa=(46),0(ap) =0(fa) =2 2
afat=(13)(2654), O(afa)=0(B) =8 2

Q3. | Attempt anYONE question from the following: (08
a) |I. Prove thatZ, the set of residue classes modulo n is a growjen
addition. Also determine all the generatorszZgr

Ans Z,, is closed under addition 1

Addition is associative i, 1
0 is additive identity ir¥Z,, 1
For any me Z,, , - me Z,, is the additive inverse 1
The element a Z,is a generator ofZ,, whenever gcd of a & 4
Is 1.since by result gcd 1 happens if amdly if there exists X, Y
€Z so that ax+ny=1. Modulo n this becomes ax=1. Ns\ & &
generator ot Z,So is ax modulo n i.e @aZ,is a generator g
Z, whenevergcd ofa & nis 1.

ii. |Let G be afinite cyclic group of order n thprove that G has a unique
subgroup of order d for every divisor d of n.

Ans| Let G = (a) be cyclic group of order n. We obsetivat n is the 4
smallest positive integer such thdt=ae, for if m is smallest
positive integer with & e, then G = { e, a,%a..., &% and since
0(G)=n hence m=n. Let d be a divisor of n, so tirdd"Let H=
(dY), then o(H)=d, as d is the smallest positivegetesuch that
(a?')9=q =g =g,

Thus G has a subgroup of H of order d. SuppoSésHanother 4

subgroup of order d. Since'tis cyclic, , H= (&) for some ke Z
and &°=e. By division algorithm k=qfd+ r, 0<r< d! — 1

, then dk=gn +rd and e%a But dr< n hence r=0 henck & .i.e.
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H'c H' But as they are of same order hence H=H

Q3.

Atte

mpt anyf WO questions from the following:

(12)

b)

Let G=(a) be a finite cyclic group of order 1#&h what are all the
genegrators of G. Also determine all the generaibthe subgroup
H=(&’).

Ans

Generators are a>, &, a°

@) ={a &, a, e}

Generators of (hare dand &

(Using the result G=(b) of order n then the germesadf G areB
where gcd of mand nis 1.)

Determine all the subgroups of the cyclic grdjp

Ans

Z;, = U(11) ={1,2,3,4,5,6,7,8,9,10} = (2) = (2%) = (27)
=(2%)
(22)=(2")=(2%)=(28) ={4,5,9,3,1}which is of order 5
(25)={10,1} is of order 2
Hence&?2),(22),(2%) , (1) are all the four cyclic subgroups of U(J

of orders 10,5,2 and 1 respectively..

NDNDN

o
S

Show that H :{[(1) 711]/n € Z} is an infinite cyclic subgroup of G(R).

Ans

By first prlnC|pIe of mathematical induction,

1 1] [ ]for positive integers n

]IS the inverse o[‘o 1] in GLy(R).

o RO RO

—1] [0 ”] for positive integers n.

Matrix multiplication is associative.

'1 m 1 n 1 m+n
] [0 0 1 _form,nthencecIosure.

_1 O is the identity

0 1
'1

n] is the inverse ohl) 711

([ )IS an infinite cyclic subgroup of G(R).

P




V. Consider the set {4,8,12,16}. Show that thesis a group under
multiplication modulo 20 by constructing a Cayleble. What is the
identity element? Is the group cyclic?. If so faitlits generators.

Ans

X (1614 |8 |12
16 |16 4 | 8 | 12
4 |4 |16 | 12| 8

8 |8 |12 | 4| 16 4
12 | 12] 8 | 16| 4 2
{4,8,12,16}=(8) modulo 20 with identity 16 Anothgenerator is
12.i.e. 8 & 12 are the generators of the group H8:{2,16} under
multiplication mod 20
Attempt anYONE question from the following: (08

I Let H is a subgroup of a groupthenaH = H if and only ifa € H. FurtheraH is
subgroup ofG if and only ifa € H.

Ans|Fore€e H= ae€aH=H = a€H

Conversely,

let x€aH = x=ah, h€H = x=ah€H asa€H = aH<S H
ForaeH ande€e H = a=ae€aH = H S aH. HenceaH = H 4M
Further aH is subgroup of¢ = e€aH = e=ah, he H = eh ™l =a
Ase,h"''eH = eh '=a€H

Conversely, asa € H = aH =H

Hence aH is subgroup ofG as H is subgroup ofG. aM

ii. |Let f:G— G isonto group homomorphism. Prove that

(p) If H is subgroup ofG thenf(H) = {f(h)/h € H} is subgroup of "

(q) If H'is subgroup ofG thenf *(H) ={a € G/f(a) € H} is
subgroup ofG andkerf < f~1(H").

Ans| (p) SinceH € G ande€ H= f(H)< G and f(e) =e € f(H)
Claim: xy~1 € f(H) wherex,y € f(H)

For a,b € H such thatx = f(a),y = f(b)

Now xy~! = f(a)(f(b))"t = f(ab ') € f(H) asab™ ' €H




=~ f(H) is subgroup ofG".

(q) SinceH' € G andf(e) =e' € H = f~(H") € G and
e€ fY(H) = f~Y(H) is non-empty subset ofs.

Claim:ab™' € f~Y(H) wherea,b € f~*(H)
As a,b € f~Y(H) givesf(a)=x€H,f(b)=y€eH = xy *eH
Now f(ab™) = f(a)(f(b)) ' = xy*eH = ab™ ' € f71(H)
f~Y(H") is subgroup ofG.
Llet a€kerf = f(a)=e €H = a€ f ' (H)= kerfc f'(H)

3M

aM

M

Q4.

Atte

mpt anyr WO questions from the following:

(12

b)

o(H) =12 ando(K) = 35 then show that N K = {e}.

State Lagrange's theorem for finite groupHfandK are subgroups d@f such that

Ans

Statement Let G be a finite group an# is subgroup of G thew(H)|o(G).
Since H andK be two subgroups off = HNK is also subgroup of.
Further HNK € H and HNK € K = HNK is also subgroup oH and K.
By Lagrange's theorema(HNK)| o(H) and o(HNK)| o(K)

= o(HNK)| 12 ando(HNK)|35 = o(HNK)| gcd (12,35)

= 0o(HNK)|1 = o(HNK)=1= HNK = {e}

1M

SM

Let G be a finite group then show that
(p) o(a)|o(G),Va€G (@)a’® =e,VaeG

Ans

Sincea € G = H = (a) is cyclic subgroup of. Alsoo(H) = o(a)
By Lagrange's theorem(H)|o(G) = o(a)|o(G)
Let 0(G) =n ando(a) = m = a™ = e, alsoo(a)|o(G) => m|n

= n=mkk€eN Now q°(@ = g" = (a™)k = ek = ¢

3M

3M

abelian.

Show thatf: G — G given byf(x) = x~1 is a automorphism if and only & is

Ans

(=) Consider f(xy) = (xy) "' =y tx7' = fOf(x) = f(yx) asf is
homomorphism

Since f is injective,xy = yx = G is abelian.

Conversely,

Consider, asf is abelianf(xy) = (xy) 1 =x1y 1= f(x)f(y) = f is
homomorphism

Let fO)=f() = x' =y = G D=0 D! =2x=y=fIs

2M

8




injective

letyeG = y teG, Now f(y D) =(@"1H1=y = f issujective

Therefore f is automorphism. 4M
IV. | Show thatG = {a+bV2/a,beQ}andH = {(Z 2:) /a,b € (@} are
isomorphic groups under addition.
ANS| pefine f:G - H byf(a+b\/§)=(z Zab),a,bEQ M
f is well defined and injective. 2M
f is onto. 1M
f is homanorphism 1M
Therefore G is isomorphic toH. 1M
Q5. | Attempt anyrOUR questions from the following: (20)
a) | Construct composition table d; under multiplication modulo 5. Also find the ordsr
each of its elements.
Ans
1 2 3 4
1 1 2 3 4
2 2 4 1 3
3 3 1 4 2
4 4 3 2 1 3
0(1) =1,0(2) = 4,0(3) = 4,0(4) = 2 2
b) | Define Abelian group. Ifab)* = a®b? for everya, b in a groupG, show that; is Abelian.
Ans | G is abelian ifab = ba,Va,b € G 1
(ab)? = a®b?
2
abab = aabb
bab = abb 2
ba = ab - G is abelian
c) | Prove that a group of order 3 must be cyclic.
Ans | A group of order 3 can have subgroups of orderdl3asince order of a| 2
subgroup divides order of the group.
The only element of order 1 is the identity element 1




If acG and & e then o(a)=3 as no element of G can have order22 as
does not divide 3.

- G=(a) . Hence G is cyclic.

d)

Let G be a group and let ‘a’ be an element of G.
() If a'?> = e, what can you say about order of a.

(i)  Suppose that G is cyclic and o(G) = 24 . Furthefifz e anda'? # e

then show that a >=G.

Ans

a“=e-o(a) can be 1,2,3,4,6 and 12 which are the divisbi<.
Now if o(G) =24 and @G , &=e, d&*+e.

~a*e, a#e, d+e.

But order of a is a divisor of o(G)p(a)=24.

- G=(a) i.e. G is cyclic.

2

2
1

Give an example of a groupand a subgroufl of G such thauH = bH butHa # Hb for

somea,b € G.

Ans

G=S;, H={e,(12)} thenfora = (13) andb = (123)
aH = bH = {(13), (123)} but Ha = {(13),(132)} andHb = {(23), (123)} =

Ha # Hb

SM

)

Find the number of group homomorphism frdy, to Zs,.

Ans

Let f:Z,,— Z3, is a group homomorphism.

Let 1 € Z;, then f(1) defines all homomorphism. Also o(1) = 12

1€Zy; and f(1) € Zzo = o(f(D) | 0(Z30) = o(f(D)) |30 - (1)

As f is homomorphism= o(f(1))|o(1) = o(f(D))|12 - 2)

(1) and (2)= o(f(D)) | ged (12,30) = o(f(1)) |6 = o(f(1)) =1,2,30r6
Since f(1) € Z3, = there are 6 elemen®} , {15}, {10,20}, {5,25} of order

1,2, 3, 6 respectively. Hence there ai® homomorphism.

SM
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