Exam : S.Y.BSc-Semester 4
Subject: Mathematics Paper 1(Revised)
Exam Date: 18-4-2019

Q.P.Code- 66047
ANSWER KEY

(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respective parts.

Q.1 | Choose correct alternative in each of the following (20)

i. |Iff:[a,b] = IR be bounded function and P ,Q be partitions of [a,b] then

@ [L(Pf)=UQ[) (b) | L(P,f) =U(Q.[)

© |LMP,))=U@,[) (d) | None of the above

Ans | @) |L(P,f)<UQ[

ii. | The norm of a partition p = {0 < % <1< g < g < 3}is

@ |1
3
(b) |2
3
() |1
(d) | None of the above
Ans | (¢) |1
iii. | If f:[a,b] — IR is R- integrable then which of the following is true
(@) | f must be continuous (b) | f must be differentiable
(¢) | f must be monotonic (d) | None of the above

Ans | (d) | None of the above

iv. | Letf : R — Rbe a continuous function. Then f_aaf(t)dt = 0,Va > 0if and only if

@ |[f=0 (b) | fis an odd function

(¢) | f # OFor only finitely many (d) | None of the above.
real numbers.

Ans | (b) | fisan odd function

V. |'If f, g: [a, b] = R are continuous functions such that f:f(x)dx = f: g(x)dx then

@ |f=gonlab] (b)
f(x) = g(x)is a constant.
(c) (d) | None of the above.
3 ¢ € [a,b]such that f(¢) =
g(c)
Ans | (@) | f=gon]|a,b]

vi.
dx

2

1
Thet 2int | ——
e type megrafox_1




(a) | Diverges (b) | Converge to 0

() | Converge to%ln3 (d) | converges tog

Ans | (a) | Diverges

L. 1 _
vii. | Integral [~ —dx converges if
1 xP

(@ |[P>1 (b) |[P<1
(c) |P=1 (d) | None of the above
Ans | (a) |[P>1
VHL- | Find Jg cos™x sin’x dx
1 514!
@ o (b) 2(101)
10! (d)
() cral 0
Ans 54!
(b) 2(10)
ix. fooo x3/27% dx=
@ [3vn ® 2
4
(c) ﬁ (d) | None of these
5
Ans | (a) | 3vVm
4

x. | Identify the definite integral that computes the volume of the solid generated by revolving
the region bounded by the graph of y = x* and the line y =x, between x=0 and x=1
about the line x = 1.

®) n}(yé - y)zdy

0

@ 2l -y by

© Zﬂj.(4—X2)(4—X6)dx @ nj(4—y)2(4—y%)2)dx

0 0

Ans | (a)

ofly -y by
0

Q2. | Attempt any ONE question from the following: (08)

a) |I Let f: [a, b] = IR be a bounded function. Prove that f is Riemann integrable on [a, b]
if and only if for any €> 0 there exist a partition P of [a, b] such that

Ans: Proof :( 4+4 marks)

ii. If f;g:[a,b] > IR are R- integrable then prove that f + gis R- integrable &
b b b
L f+ag=J,f+1,9

Ans Let P={x0, x1, ..., Xxn | be a partition of [a,b]




let M;=sup{(f+g)(X)/XE[Xi-1Xi] } & m;=inf {(f+g)(X)/XE[Xi-1 Xi] }

let M’;=sup{f(x)/x€[xi1 Xi] } & m’;=inf {f(X)/xXE[Xi-1 Xi] }

let M’ =sup{g(X)/X€E[Xi1Xi] } &m’’;=inf {g(x)/xe[xI 1.Xi] }

then Mj < M’ +M”7; and m> m’j + m”; fori=1,2,...n
Hence U(P,f+g) - L(P,f+g) <U(P,f) - L(P,f) + U(P,9) - L(P,g)...... (*)
But f & g are R- integrable on [a,b] hence there are partitions say P; and P,
Such that U(P1,f)- L(P1,f) <§ and U(P2,9)- L(P2,9) <§

Take P=P,U P,
Then U(P.H-L(P.f)<>and U(P.g)- L(P.g) <
Hence U(P,f+g) - L(P,f+g) <€ by *

Therefore f+g is R-integrable on [a,b] 4 marks
Prove that
[ f+a< [ f+ [ g+e
f;f +g> f;f + ffg—e for every €> 0 4 marks
Q.2 | Attempt any TWO questions from the following: (12)
b) | i Let f be a bounded function on [a, b]. Let P and P’ are two partitions of [a, b] with

Pc P'.ShowthatL (f, P') =L (f, P)
Let P={x0, x1, ..., Xn | be a partition of [a,b]. Given P is subset of Q
Let yl,y2,....ym are extra points which are in Q but not in P.
Let P1=P U{yl}.letyl € [xj — 1, xj] .....2 marks
L(P,f) — L(P1 H=(m; —m’j)(yL-xj-1)+ (m; -m”*})(xj- y1) < 0
Where mJ inf{f(x)/x€[x;.1,x;] }
= inf{f(x)/xe[x;1,y1] }

= inf{f(x)/xe[y1 x] }
As m’j = mjand m”’; = mj....... 3 marks
Therefore L(P1,f) =L(P,f)
Similarly , L(P2,f) =L(P1,1)
L(Pmf) = L(Pm1.,f) = L(Pm2.D)........ >L(P,T
but P,=P’ ....1mark
L(P’,f) =L(P,f)

If f is an R-integrable function on [a, b] then prove that | f | is R-integrable on
[a, b].
Given: f is R integrable on [a, b].
Claim: |f| is R integrable on [a,b].
LetP = {xo = a,xy,X5.. ... . = b} be any partition of [a, b]
Let M; = sup{f(x) : x € [xl 1 l]} and M; = sup{|f](x) : x € [x;_4, x:]}
= inf{f(x) : x € [x;_1,x;]}and m; 1nf{|f|(x) X E [xi—,x;]} i =
1 2 (R
To show that,
M{—m;<M;—m;, i=12,...n

Let, x,y € [x;_q1, x{]

m; < f(x) < M;

m; < f(y) < M;
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m—M; <f)-f) <M-m
womm =M< fl) - fy) S M —-my

=1f(x) = f) + f()]
<|f) = fI+1fI
<M;—m; + |f(y)]

Consider,

|f ()l

Here, y € [x;_1, xi]

~AfOl = My —my +1f ()] Vx € [, ;]

oM —m; + |f(y)||s an upper bound of {f(x) : x € [x;_1, x;1}.

M{ <M;—m; + |fY)|, (+ M, is least of upper bound)
“Mi=Mi+m < IfDLVY € [xi-1, %]

= M{ — M; — myis lower bound of {f(x) : x € [x;_q,x;]}.

o~ M] — M; + m; <m;'(> m;" is greatest lower bound)

S M —-mi<Mi-my, i=12,..n. ... 3 marks
Multiplying above relation by (x; — x;_;) and adding above n relations we have,
udfl,P) = LAfI,P) < U(f,P) — L(f,P) (*)

As, f is R integrableon [a, b].
Hence, for given € > 0, 3 partition P, of [a, b] such that,
U(flpe) —L(f,Pe) <€
U(lfllpe) - L(lfllpe) <e€
~ |f | isR integrable on [a,b].  ......... 3 marks

Using Riemann Criterion, prove that the function f : [0, 1] — R defined by
f(x) = x is Riemann integrable.

Ans: define the partition 0<1/n <2/n<3/n...........

Find U(f,P)

L(f,P) and prove that U(f,P)-L(f, P) < €

iv. If f, g:[a b]— R are integrable functions such that
f(x) < g(x),V x € [a, b] then prove that ff f(x) dx < f: g(x) dx.
Prove that if g(x) > 0 then f; gx)dx =0
Using this prove that f(x) < g(x),V x € [a, b] implies f: f(x)dx < ff g(x) dx.
Q3. | Attempt any ONE question from the following: (08)
a) | State and prove the Fundamental Theorem of Calculus.
Ans

Statement: Letf: [a, b] - R be R-integrable on [a, b] and F(x) = f:f(t)dt, Vx €
[a, b].If f is continuous on [a, b] then F is differentiable and F'(x) = f(x).
Proof: Let h > 0 such that x + h € [a, b]. Then

w fx+hf(t) dt].since f is continuous on [x, x + k] hence bounded.
Let sup(f)=M and inf(f)J=m=>m< - fx+hf(t) dt <M = 3c € [x,x + h] such that
x+h

—f f(t)dt = f(c(h)).since x < c(h) < x+ h = c(h) = x as h - 0.hence the
proof




State and prove comparison test for improper integrals of type-I.

Ans Statement
If |f(x)] < klg(x)|for all x> x, then
Convergence of fam |g(x)| dx implies Convergence of fa°° |f(x)| dx and divergence
of [ |f(x)| dx implies divergence of [~ |g(x)| dx
(2M)
Proof : Part 1:
Given [ |g(x)| dx is Convergent
By Cauchy’s Criterion for any € > 0, there exists x; > a such that for all y> x >
x> a, | [lgt)ldx| <;
Let x,= max { xo, x; }
Forally>x>x, > a, | [JIfldx| <| [) klg(o)ldx| <e
By Cauchy’s Criterion faoo |f(x)| dx is convergent
Part 2: Given [ |f(x)| dx is divergent. (4M)
TPT [." |g(x)| dx is divergent.
Suppose [ |g(x)| dx is convergent.
But then by partl fa°° |f (x)| dx is convergent ,which is not true
Hence our assumption is wrong
Proved (2M)

Q3. | Attempt any TWO questions from the following: (12)
Let F : [0,1] —» Rbe defined by F(x) = {x St (x) ifo<x=<1

0 ifx=0

Show that is differentiable over [0, 1].Let f : [0,1] — Rbe given by
f&x) = F'(x).findf] f()dt.

Ans in (%) — T
F'(x) = {Zx sin () = meos (3) 1x # 0y [LF@®dt = F(1) - F(0) = 0.

0 ,x =0
ii. : 1o x_t?

Evaluate hmx%o;fo o dt

Ans Let F(x) = [ :ﬁ. Since f(t) = :ﬁ is continuous -~ by FTC Fis differentiable and

' 1 1 x t? T F(x) _ . Fl(x) _
=>F (x) = f(x) s llmx_,OO Ffo mdt = llI'I'lx_,Oo x_;f = llI'I'lx_>Oo 336—3; =0 (by L
Hospitals rule)
||| b 1 . .

Prove that fa Do) dx converges ifand only if p < 1.

Ans Standard proof:




b 1 . x 1
P=1...J 7y dx =limy [, +— dx
= lirgl —log(b —x) + log(b — a),diverges to o (2)
x—>b—
b 1 . 1 i (B=X)TPFL O (h—q)TPHT
p#l [, Bo? dx =lim,_,_ [/ = dx = lim - - (1)
forp>1,....ccciiiiiiii divergent
(b—a)~P*1
forp<l,.....c.ccocooiinini convergent and converges to ol 3)
iv. State Abel’s and Dirichlet’s Tests for the conditional convergence of type 1 improper

integral and discuss convergence of I = | 0°° sin x? dx

Ans
Abel’s Tests:
If fis Reimann integrable on [a,00) and B is monotonic and bounded on [a,), then
function (fB) is Reimann integrable on [a,)
Dirichlet’s Tests:
If f is Reimann integrable on [a,x) ,for all x > a,if F(x)= f; f(x) dx and ifP is
monotonic and iflim,_,., B(x) = 0 then function (fB) is Reimann integrable on [a,)
|=f01 sin x? dx +f1°° sinx?dx =1+ 1,
I, proper integral

—(*® a2y L

l2=f, (2xsinx )5 dx 1
Let f(x)=2xsin x2B(x) = =
Putx? =t
| flx (2xsin x2) dx| = |cos 1 — cos x?|< 2
Since fis conti, f is R-integrable on [1,x] and the integral is bounded .
lim,_, B(x) =0
ByDirichlet’s Test I is convergent

Q4. | Attempt any ONE question from the following: (08)

a) |l Prove that fol x™ (1 — x)" 1dx converges if and only if m and n are both positive.
Ans Form > 0,n > 0 the integral is proper. When m < 1, infinite discontinuity at 0 and

when n < 1, infinite discontinuity at 1.
[l xm (1 — ) tdx = [ ammi(1 - 2y tdx + [, X1 = )" Ldx=liH,

0
(1-x)n-1 1 f(x)
For |11 f(x) = xl_m Ig(x) - xl—m' llmx—>0 g(x)

= 1. By comparison test

1 1
J2 f(x)dx, [2 g(x)dxconverge and diverge together.

1 1
2 g(x)dx = [2—— dxconverges iff 1 —m < 1i.e.m > 0.
0 ’g 0

x1l-m

m-—1
For I(x) = u’ixﬁ glx) = Mﬁ Same approach as above.

)




With usual notations for beta and gamma functions prove that
B(mn+1) _ B(m+1, B(m,
() B(m,n) = B(n,m) (q)2emntt) - Pamtim _ pnn)

n m m+n

1 0

Ans
p(m,n) = f M1 =) dx = —f (I —y)mty"tdx = B(n,m)
0 1
1
pm+1,n)+ B(mn+1) = f [x™(1 —x)" 1 +x™ (1 — x)"]dx = B(m,n)
0

By integration by parts f(m,n + 1) = % B(m + 1.n) (Student must show)

pmmn)=pm+1,n)+pL(mn+1)=p(m+1,n) +%ﬁ(m +1.n)=

TLR(m+1.n) .

Hence the proof.
Q4. | Attempt any TWO questions from the following: (12)

b) |1 Prove that
_ oo gm-1

B(m’n)_fo (1+t)m+n dy

Ans 1
p(m,n) = J x™ (1 —x)" tdx
0
. ot o\ t \*1 ar o gmel
Substitute x = —. f(m,n) = [ (E) (1 - E) ot = N T &Y
ii. (L) =

Show that : T (5) = /.

39-(6)
Alaz) =Mz
11 % 21_, 21,
B (—,—) = Zf sinz " fcosz 0dO =T
22 o
iii. | Find the volume of the solid whose base is the disk x? + y2 < 1 and the cross

sections by the planes perpendicular to the y — axis betweeny = —1 and y = 1 are

isosceles right triangles with one leg in disk by the method of slicing.
Ans Length of the base =2,/1 — y2.

Area of the triangle:(%) (21— y2)2 =2(1-y?).
8

Volume=2 f_ll(l —yHdy =




iv. Find the volume of the solid generated by revolving the regions bounded by the

linesy = 2x ,y = x,x = 1 and about x — axis by the washer method.

Ans r(x) = x,R(x) = 2x.
Area by washer method= fol n[4x? — x?]dx = m.
Q5. | Attempt any FOUR questions from the following: (20)
a) | Iff(x) =1+ 2x, x € IRand P be a partition such that 0 < 0.25< 0.5<0.75<1
Then find U(P, ).
Ans:U(P, f) = 0.25(1.5+2+2.5+3)=3.6
b) | If f is Riemann integrable on [a, b] then for any k € IR prove that kf is also Riemann
integrable on [a, b].
Ans: Prove that U(P, kf) — L(P, kf) < €
c) | Show that if F'(x) = 0,Vx € [a, b] then f is a constant function.
Ans | since f is differentiable hence continuous on [a, x]
By LMVT 3¢ € (a,x) such that f'(c) = % = fx)—fla)=0> f(x) =f(a),Vx
d) Identify the type and discuss the convergence of each of the following integrals
1 dx o sin?x
(I) fO x2(1+x)3 (“)fl x2 dx
Ans =
() )=
Let g(x)—i
hmx_)0+ p =1,finitenonzero
sincef0 g(x)dx is not cgt ,(p=2) by limit comparison Test
- L
()=~ <  forallx>1
since P=2> 1,f1 g(x)dx is cgt.
By comparison Test |. 1°° f(x)dx is cgt.
¢) | Prove that JEVsinx dx fOE e dx=m
Ans 1 31
f Vsinx dx _E (Z E)
J‘z 1 J 1 8 (1 1)
x==p\5,=
o Vcosx 27\2'4
Using beta gamma relationship get the result.
f) | Find the areaof the surfacegenerated by revolving the curves about x = 2,/4 —y,0 <y <
1Tsabout y —axis.
Ans

2 dx 35\/_
Surface area = = [* 2mx |1+ (d ) dy = an 1/ y dy .

*kkhkk

8




