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S.Y. B.A./B. Sc. Semester IV 
Mathematics Paper I (Old) 

Exam Date 23/04/19 
Q.P.Code 66034 

Answer Key 
 

(3 Hours)          [Total Marks: 100]                   

Note:  (݅) All questions are compulsory.        
 (݅݅)Figures to the right indicate marks for respective parts. 
 
Q.1 Choose correct alternative in each of the following                                   (20) 

݅. Which of the following sequences does not  have a convergent subsequence 
 (a) (݊ + 2) (b) 1, 0,2 ,1 ,0, 2,……………. 
 (c) ൬

1
݊൰ (d) None of these 

 
Ans (a) (݊ + 2) 
݅݅. If  the decimal representation of a number x is non terminating, non periodic then the number 

x belongs to 
 (a) ℚ (b) ℝ\ℚ 
 (c) ℕ (d) None of these 
Ans (b) ℝ\ℚ 
݅݅݅. Which of the following sets is uncountable 

 (a) ℝ (b) ℕ 
 (c) ℚ (d) None of these 

Ans (a) ℝ 
   

iv. Let P and Q be any two Partitions of interval [a,b].  Then the statement that is always true is 

 (a) ܮ(ܲ,݂)  ≤ ܷ(ܳ,݂)  (b) ܷ(ܲ, ݂)  ≤ ܷ(ܳ, ݂) 

 (c) ܷ(ܲ, ݂)  ≤  None of these (d)  (݂,ܳ)ܮ

Ans (a) ܮ(ܲ,݂)  ≤ ܷ(ܳ,݂)    

v. ݂ ∶  [ܽ,ܾ]  → ℝ  is ܴ-integrable on [ܽ, ܾ].  Then 

 
(a) ݂૛ and |݂|are ܴ-integrable on 

[ܽ,ܾ]. 
(b) ݂૛is  ܴ-integrable on [ܽ,ܾ]  but |݂|  may or 

may not be so. 

 
(c) Both  ݂૛ and |݂|  are not  

ܴ-integrable on [ܽ, ܾ]. 

(d) None of these 
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Ans 
(a) ݂૛ and |݂|are ܴ-integrable on 

[ܽ,ܾ]. 
  

vi. 
Let ݂ ∶  [0 ,100] → ℝ be defined as  ݂(ݔ)  =  ,⌊ݔ⌋ 

(Where ⌊ݔ⌋ is floor function of ݔ ). Then 

 (a) 
݂  is discontinuous hence not  
R-integrable. 

(b) ݂ is  R-integrable and     ∫ ݔ݀(ݔ)݂ = 5000ଵ଴଴
଴  

 (c) 
݂is  R-integrable   and        
∫ ݔ݀(ݔ)݂ =  4950ଵ଴଴
଴  

(d) None of these 

Ans (c) 
݂is  R-integrable   and        
∫ ݔ݀(ݔ)݂ =  4950ଵ଴଴
଴  

 
 

 Gamma function    Γ(݊) is defined as .݅݅ݒ
 (a) ∫ ݁ି௫ݔ௡ିଵଵ

଴ ∫ n>0 (b) ,ݔ݀ ݁௫ݔ௡ିଵଵ
଴  n>0 ,ݔ݀

 (c) ∫ ݁ି௫ݔ௡ିଵஶ
଴ ∫ n>0 (d) ,ݔ݀ ݁௫ݔ௡ିଵஶ

଴  n>0 ,ݔ݀
Ans (c) ∫ ݁ି௫ݔ௡ିଵஶ

଴  n>0 ,ݔ݀
∫ Find .݅݅݅ݒ ݔ݀ ݔ଺݊݅ݏ

ഏ
మ
଴  

 (a) 0 (b) 5ߨ
12 

 (c) 5ߨ
32 

(d) 5ߨ
6  

Ans (c) 5ߨ
32 

  

 = β(m,n) .ݔ݅
 (a) 

න
௠ିଵݔ

(1 + ௠ି௡(ݔ ݔ݀
ଵ

଴
 

(b) 
න

௠ିଵݔ

(1 + ௠ା௡(ݔ ݔ݀
ଵ

଴
 

 (c) 
න

௡ିଵݔ

(1 + ௠ି௡(ݔ ݔ݀
ଵ

଴
 

(d) None of these 

Ans (b) 
න

௠ିଵݔ

(1 + ௠ା௡(ݔ ݔ݀
ଵ

଴
 

  

∫ .ݔ ∫ ,ݔ)݂ ଵି௬ݕ݀ݔ݀(ݕ
଴

ଵ
଴ = 

 (a) 
න න ,ݔ)݂ ݔ݀ݕ݀(ݕ

௫

଴

ଵ

଴
 

(b) 
න න ,ݔ)݂ ݔ݀ݕ݀(ݕ

ଵି௫

଴

ଵ

଴
 

 (c)  
න න ,ݔ)݂ ݔ݀ݕ݀(ݕ

ଵି௬

ଵ

ଵ

଴
 

(d)  None of these 

Ans (b) 
න න ,ݔ)݂ ݔ݀ݕ݀(ݕ

ଵି௫

଴

ଵ

଴
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Q2. Attempt any ONE question from the following:                                       (08) 

ܽ) i. Using Nested Interval Theorem prove that every bounded sequence of real numbers has a 
convergent subsequence. 

 Ans Let (ݔ௡)be bounded.                                                                          
S={ݔ௡/ ݊ ∈ ℕ } is subset of I = [a,b] for some a, b in  
ℝ. 
Let n1=1.Bisect I into two subintervals both of equal length௕ି௔

ଶ
 sayܫଵ ,

, , ଵܫ
"  

 
Let A1 ={ ݊ ∈ ℕ/ ݊ > ݊ଵ,ݔ௡ ∈ , ଵܫ 

, } B1 ={ ݊ ∈ ℕ/ ݊ > ݊ଵ, ௡ݔ ∈ , ଵܫ 
" }  (2 marks) 

    At least one of A1, B1 is infinite. 
Say A1 is infinite .Then I2 = ܫଵ ,

,  
 
Let n2 be minimum element  of  A1                                                   (2 marks) 
Else if B1 is infinite .Then I2 = ܫଵ ,

,"  n2 be minimum element  of  B1………… 

Proceed similarly to get a nested sequence of intervals ܫଵ ܫ�ଶ �……ܫ�௡ ……. 
And a subsequence ൫ݔ௡ೖ൯ of (ݔ௡)  ܿݑݏℎ ݐℎܽݔݐ௡ೖ ∈ , ௞ܫ ݇ ∈  ℕ and length of ܫ௡ =
௕ି௔
ଶ೙ೖିଵ

 → ݊ ݏܽ 0 → ∞ 
                                                                                                           (2 marks) 
 
By Nested Interval Theorem there exists unique element c in⋂ ∞௡ܫ

௡ୀଵ and……൫ݔ௡ೖ൯ →
ܿ(2 marks) 

 ii. Using Nested Interval Theorem prove that 
if ݂ ∶  [ܽ,ܾ]  → ℝ is a continuous function with ݂(ܽ)݂(ܾ)  <  0, then 
there exists ܿє (ܽ, ܾ) such that ݂(ܿ)  =  0. 

 Ans Given ݂(ܽ)݂(ܾ) <  0 
Say ݂(ܽ) <  0 < ݂(ܾ) 
Let ܫଵ = ൣܽଵ ,ܾଵ ,൧     a =ܽଵ , b = ܾଵ ,݌ଵ = ௔భశ ௕భ ,

ଶ
  (2 marks) 

 
If f (݌ଵ)< 0 then ܽଶୀ ,݌ଵ, ܾଶ , = ܾଵ , else if f (݌ଵ)< 0 then ܽଶୀ ,ܽଵ ,, ܾଶ , = ଵ݌  , 

Let ܫଶ = [ܽଶ ,ܾଶ  ] ,length of ܫଶ = ௕ି௔
ଶభ

…………………………… 
Proceed similarly to get a nested sequence of intervals ܫଵ ܫ�ଶ �……ܫ�௡ ……. 
length of ܫ௡ =  ௕ି௔

ଶ೙
→ ݊ ݏܽ 0 → ∞ 

 
By Nested Interval Theorem there exists unique element c in⋂ ∞௡ܫ

௡ୀଵ  
Since f is continuous and f൫ܽ௡ ,൯ < 0;  f൫ܾ௡ ,൯ > 0…………………f(c)=0 

   
Q.2 Attempt any TWO questions from the following:                                         (12) 

ܾ) i. 
If  ܫ௡ = ቀ0, ଵ

௡
ቁ for all ݊єℕ then prove that ⋂ ∞௡ܫ

௡ୀଵ =  ߶ 



 
 

4 
 

 Ans Suppose ݔ ∈ ⋂ ∞௡ܫ
௡ୀଵ  

 
Hence ݔ ∈ ݊ ݈݈ܽ ݎ݋݂ ௡ܫ ∈ ℕ 
 
since x≠ 0 by A P   ∃݊଴ ∈ ℕs.t. ݊଴ > ଵ

௫
 

x does not belong to ܫ௡బ 
 
x does not belong to ⋂ ∞௡ܫ

௡ୀଵ  
Contradiction…….. 
 

 ii. 
 Prove that any real number ݔє [0, 1] can be represented in decimal representation.4 

 Ans Divide [0,1] into 10 equal parts of length ଵ
ଵ଴

 

Hence ݔ ∈ [௕భ
ଵ଴ 

 , ௕భାଵ
ଵ଴ 

) �[௕భ
ଵ଴ 

 , ௕భାଵ
ଵ଴ 

]  ,for some ܾଵ ∈ {0 ,1,……9} 

If ݔ ∈ ௕భ
ଵ଴ 

ݔ , = 0.ܾଵprocess terminate 
Else 
Let ܫଵ = [௕భ

ଵ଴ 
 , ௕భାଵ

ଵ଴ 
] Divideܫଵ   into 10 equal parts of length ଵ

ଵ଴మ
 

Hence ݔ ∈ [௕భ
ଵ଴ 

+ ௕మ
ଵ଴మ

 , ௕భ
ଵ଴ 

+ ௕మାଵ
ଵ଴మ

) �[௕భ
ଵ଴ 

+ ௕మ
ଵ଴మ

 , ௕భ
ଵ଴ 

+ ௕మାଵ
ଵ଴మ

]   ,for some ܾଶ ∈ {0 
,1,……9} 
If ݔ ∈ ௕భ

ଵ଴ 
+ ௕మ

ଵ଴మ
ݔ , = 0.ܾଵܾଶ process terminate else let ܫଶ = ⋯…. 

Proceed similarly we get  
either ݔ = 0.ܾଵܾଶ … ܾ௡ . 
Or we get a nested sequence of intervals ܫଵ ܫ�ଶ �……ܫ�௡ ……. 
s.t length of ܫ௡ → ݊ ݏܽ 0 → ∞ 
 
By Nested Interval Theorem there exists unique element c in⋂ ∞௡ܫ

௡ୀଵ  
x= c 
 
 

 iii. Find a family of open intervals G≡ ݊:௡ܬ} ∈ ܰ} such that (0, 2] ⊆ ⋃ ∞௡ܬ
௡ୀଵ   ,but  

there does not exist a finite subset F ={n1 ,n2,…..,nk}  ⊆ ܰ such that (0, 2] is subset 
of⋃ ௡௡∈ிܬ . 
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 Ans� Let G={ܬ௡=(ଵ
௡ 

 ,3)/ ݊ ∈ ܰ} 
Part 1:  
ݔ ∈ since x≠ 0 by A P   ∃݊଴, ݏ݈݁݅݌݉݅ ܣ ∈ ℕs.t. ݊଴ > ଵ

௫
…. 

Hence ∈ 0 
A �⋃∞

ୀ1  (2 marks) 
 
Part 2: TPT there does not exist a finite subset F ={n1 ,n2,…..,nk}  ⊆  such that (0, 2] is 
subset of⋃ ∈ . 
Suppose  
there exist a finite subset F ={n1 ,n2,…..,nk}  ⊆  such that (0, 2] is subset of⋃ ∈ . 
A �⋃ ୀ1  where 1     < 2     … … … . . <      
Hence 1

1
> ⋯… … … . . > 1  

1 ≠ 0 ,ℎ  ∃ ∈   s. t 0 <  < 1 .  
 
x does not belong to ⋃ ௡೔ܬ

௞
௜ୀ1  

 
Contradiction…….(4 marks) 
 

 iv. 
Using Nested Interval Theorem prove that closed interval[0,1] is uncountable. 

 Ans Suppose that closed interval[0,1] is countable. 
We can enumerate I= [0,1] as{x1 ,x2,……..    xn,….} 
Select closed interval  1ܫ of  I s.t x1 does not belong to interval  1ܫ  
Select closed interval  2ܫ of  I s.t x2 does not belong to interval  2ܫ and so on 
Proceed similarly to get a nested sequence of intervals ܫ�……� 2ܫ� 1ܫ௡ ……. 
s.txn does not belong to interval  ܫ௡(4 marks) 
 
By Nested Interval Theorem there exists unique element c in⋂ ∞௡ܫ

௡ୀ1  
But c≠ xn for all n 
c does not belong to ⋂ ∞௡ܫ

௡ୀ1  
contra…………(2 marks) 
 

   

Q3 a Attempt any ONE question from the following:                                           (08) 

A i) 
Let ݂: [ܽ,ܾ] → ℝ  be a bounded function. Prove that ݂ is R-integrable on [ܽ, ܾ] iff for 

any ∈> 0, there exists a partition ∈ܲ of [ܽ, ܾ] such that  

ܷ(݂, ∈ܲ ) – ,݂)ܮ ∈ܲ) <∈. 

 Ans 

Proof: (⇒) Given ݂ is ܴ integrable on [ܽ, ܾ]. 
T.P.T: ∀߳ > 0,∃apartition ఢܲof  [ܽ, ܾ] such that, ܷ(݂, ఢܲ) − ,݂)ܮ ఢܲ) < ߳.  
Let, ߳ > 0 be any real number, as ݂ is ܴ integrable, 

∴ ܷ(݂) =  (݂)ܮ
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Where, ܷ(݂) = inf{ܷ(݂,ܲ):ܲ is any partion of  [ܽ, ܾ]} 
And  ܮ(݂) = sup {ܮ(݂,ܲ):ܲ is any partion of  [ܽ,ܾ]} 
∴ for given ߳ > 0,∃ a partition ଵܲ of [ܽ,ܾ] such that,                        

ܷ(݂) ≤ ܷ(݂, ଵܲ) < ܷ(݂) + ఢ
ଶ
                                          (1)                   

Also, for given ߳ > 0,∃ a partition ଶܲ of [ܽ, ܾ] such that, 

(݂)ܮ −
߳
2 < ,݂)ܮ ଶܲ) ≤  (݂)ܮ

or− (݂)ܮ ≤ ,݂)ܮ− ଶܲ) < (݂)ܮ− + ఢ
ଶ
                           (2)           

from (1) and (2)     
ܷ(݂) − (݂)ܮ ≤ ܷ(݂, ଵܲ) − ,݂)ܮ ଶܲ) < ܷ(݂) − (݂)ܮ + ߳ 

∴ 0 ≤ ܷ(݂, ଵܲ) − ,݂)ܮ ଶܲ) < ߳                                      (3)   
 (∵ ܷ(݂) =  ((݂)ܮ
 
Now taking ఢܲ = ଵܲ ∪ ଶܲ, 

∴ ܷ(݂, ఢܲ) ≤ ܷ(݂, ଵܲ)&ܮ(݂, ఢܲ) ≥ ,݂)ܮ ଶܲ)(∵ ଵܲ ⊆ ఢܲ& ଶܲ ⊆ ఢܲ) 
∴ ܷ(݂, ఢܲ) − ,݂)ܮ ఢܲ) ≤ ܷ(݂, ଵܲ) − ,݂)ܮ ଶܲ) < ߳    by (3) 
∴ ܷ(݂, ఢܲ) − ,݂)ܮ ఢܲ) < ߳     
 
 
 (⇐) Given: ∀߳ > 0,∃apartition ఢܲof  [ܽ,ܾ] such that, ܷ(݂, ఢܲ) − ,݂)ܮ ఢܲ) < ߳.  
T.P.T: ݂ is ܴ integrable on [ܽ,ܾ]. 
i.e. T.P.T: ܮ(݂) = ܷ(݂) 
∵ ∀߳ > 0,∃apartition ఢܲof  [ܽ, ܾ] such that, ܷ(݂, ఢܲ)− ,݂)ܮ ఢܲ) < ߳ 
We know that, ܷ(݂) ≤ ܷ(݂, ఢܲ)&ܮ(݂) ≥ ,݂)ܮ ఢܲ) 

∴ 0 ≤ ܷ(݂) − (݂)ܮ ≤ ܷ(݂, ఢܲ)− ,݂)ܮ ఢܲ) < ߳൫∵ ܷ(݂) ≥  ൯(݂)ܮ
∴ 0 ≤ ܷ(݂) − (݂)ܮ < ߳ ∴ ܷ(݂) =                                                                (݂)ܮ
 

 ii Let ݂: [ܽ, ܾ] → ℝ be a monotonic increasing function. Show that ݂ is Riemann 
integrable on [ܽ, ܾ]. 

 Ans Claim: if f is increasing function on [a,b] then f is R integrable. 
Let P={x0, x1,       …, xn ] be a partition of [a,b] 
As f is increasing on [xi-1 ,xi] such that Mi=f(xi ) and mi=f(xi-1)  
 
where Mi =sup{f(x)/x∈[xi-1,xi] } &mi =inf {f(x)/x∈[xi-1,xi] }(2 marks) 
         
 
U(P,f)—L(P,f)=∑ ݅ܯ) ݅ݔ)(݅݉− − xi − 1)௡

௜ୀଵ ≤ ∑ (f(xi) − f(݅ݔ − 1))‖ܲ‖௡
௜ୀଵ  

                                                                            = (f(b)-f(a)) ‖ܲ‖ 
Select P such that ‖ܲ‖ < ఢ

୤(ୠ)ି୤(ୟ)ାଵ
 

                                                                                             (2 marks) 
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Hence U(P,f)—L(P,f)  < ఢ

୤(ୠ)ି୤(ୟ)ାଵ
(f(b) − f(a)) < ߳               (2 marks) 

 

b) Attempt any TWO questions from the following: 

 

i. 

Let ݂ ∶  [ܽ,ܾ] → ℝ   be a bounded function with ݉ =   and (݂) ݂݊ܫ 

= ܯ  and ܷ(ܲ,݂) whereܲ is a (݂,ܲ)ܮ on  [ܽ,ܾ]. With usual notations, define(݂)݌ݑܵ 

partition of [ܽ,ܾ]. Hence prove that   

݉ ( ܾ − ܽ)  ≤ ( ݂,ܲ)ܮ   ≤ ܷ(ܲ, ݂ )   ≤ ܾ ) ܯ − ܽ). 

 Ans Let ݂ be a bounded function on [a,b] . 

Let ܲ = {ݔ଴,ݔଵ,⋯⋯⋯⋯ ,  ௡}be a partition of [a,b]ݔ

As ݂ is continuous by boundedness be a partition of [a,b]                      

Define i) upper sum ,ii) lower sum         (3 marks) 

               

let ܯ௜ = , ௜ିଵݔ]∋f(x) / x}݌ݑݏ ௜] } &݉௜ݔ = ݂݅݊ {f(x)/x∈[ݔ௜ିଵ ,  -{ [௜ݔ

m ≤ mi≤M i≤ M for i=1,2,3…,n 

hence  m(b-a) ≤  L(P,f) ≤  U(P,f)  ≤ M(b-a) (3 marks) 

 
 

ii 
Let ݂: [ܽ,ܾ] → ℝ  be a bounded function if ݂ is R-integrable on [ܽ, ܿ] and [ܿ,ܾ] then 
prove that ݂ is R-integrable on [ܽ,ܾ]and∫ ݂ =  ∫ ݂௖௔

௕
௔ + ∫ ݂௕௖  

 Ans Given ݂ is integrable on [ܽ, ܿ] and [ܿ, ܾ]. 
for any ∈ > 0  ∃ a partition  ଵܲ of [ܽ, ܿ] such that ܷ(݂, ଵܲ) − ,݂)ܮ ଵܲ)  <  ∈ 
for any ∈ > 0  ∃ a partition  ଶܲ of [ܿ, ܾ] such that ܷ(݂, ଶܲ) − ,݂)ܮ ଶܲ)  <  ∈ 
since    ܷ(݂,ܲ) = ܷ(݂, ଵܲ) + ܷ(݂, ଶܲ)  ܽ݊݀   ܮ(݂,ܲ) = ,݂)ܮ ଵܲ) + ,݂)ܮ ଶܲ)    2 marks                                                        
 
Take ܲ =  ଵܲ ∪ ଶܲ ⟹  ܷ(݂,ܲ) ≤  ܷ(݂, ଵܲ)     ܽ݊݀    ܮ(݂,ܲ) ≥ ,݂)ܮ  ଵܲ) 

∴  ܷ(݂,ܲ) − (ܲ,݂)ܮ  ≤ ܷ(݂, ଵܲ) − ,݂)ܮ  ଵܲ) < ∈ 
∴ ݂ is R − integrable on [ܽ, ܾ] 
for any ∈ > 0  ∃  partitions  ଵܲ and ଶܲ of [ܽ, ܿ] and [ܿ, ܾ] then one can find a partition  
of [ܽ,ܾ] such that ܷ(݂,ܲ) − (ܲ,݂)ܮ  < ∈⟹ ݂ is R − integrable on [ܽ, ܾ].        1 marks 
Claim : ∫ ݂ =  ∫ ݂௖௔

௕
௔ +  ∫ ݂௕௖  

LHS = ∫ ݂ = ∫ ݂ ≤௕ത
௖

௕
௔  ܷ(݂,ܲ) < ∈ (ܲ,݂)ܮ + < ∈ ,݂)ܮ + ଵܲ) + ,݂)ܮ ଶܲ) < ∈ +∫ ݂௖௔ +

∫ ݂௕௖  
therefore ∫ ݂ ≤ ∫ ݂௖௔

௕
௔ +  ∫ ݂௕௖                                                                             2 marks 

Similarly one can show  ∫ ݂ ≥ ∫ ݂௖௔
௕
௔ +  ∫ ݂௕௖                                                     1 marks 

Hence ∫ ݂ =  ∫ ݂௖௔
௕
௔ +  ∫ ݂௕௖  
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iii. 

By stating properties of  Riemann integrability justify which of the following functions 

are Riemann integrable ? 

i )   ݂(ݔ) = ݁ୱ୧୬|௫|   on [-π.π] 

ii)   ݂(ݔ) = ݔ0݂݅  = 0 

                =  ଵ
௡
݂݅ ଵ

௡ାଵ
< ݔ ≤ ଵ

௡
 , n ∈ ℕ͗ ͗ ͗ 

 Ans 
1) ݁௫  ,sin ,ݔ  ଶ  all are continuous functions on  ℝ and composition ofݔ,|ݔ|

continuous functions is continuous hence Riemann intrgrable . 

݂ ℎܽݕ݈݁ݐ݂݊݅ ݏ many discontinuities hence is Riemann Integarable. 

 iv. 
Using Riemann Criterion, show that the function  : [2, 3] ⟶ℝ defined by ݂(ݔ) = ݔ +
3  is Riemann integrable. 

 Ans For any  ∈ > 0      Claim : ܷ(ܲ,݂) − ,ܲ)ܮ  ݂) < ∈ 

      By Archimedean property, ∃݊ ϵ ℕ such that   ݊>1 ∈ൗ ⟹  1 ݊ൗ <∈ 

      Let ܲ =  {0, 1 ݊ൗ , 2 ݊ൗ ,⋯⋯⋯⋯ , 1} be a partition of [0, 1].        

௞ݔ − ௞ିଵݔ = 1 ݊ൗ      and   ݔ௞ = ݇ ݊ൗ  

      Since ݂ is increasing, hence  ܯ௞ = 3kx    and   ݉௞ = 31 kx  (3 marks) 

ܷ(ܲ, ݂) − (݂,ܲ)ܮ  = 



n

k
kkk xxM

1
1 )( − 




n

k
kkk xxm

1
1 )(  = 


 

n

k
kkkk xxxx

1
11 ))((  

                                    = 


n

k nn1

11 < 2

1
n

× ݊<
n
1 <∈                (3 marks)                                         

∴ ݂ is R-integrable.                                                          
 

Q4. Attempt any ONE question from the following:   (08) 

ܽ) 
i. 

If the function ݂: [ܽ,ܾ] → ℝ  is a continuous function and let(ݔ)ܨ = ∫ ௫ݐ݀(ݐ)݂
௔ ݔ∀ ∈

[ܽ,ܾ], then prove that (ݔ)ܨ is differentiable and ܨᇱ(ݔ) = ݔ∀(ݔ)݂ ∈ (ܽ,ܾ). 
 

 Ans Let ݔ ∈ ݌) − ݌,ߜ +  (ߜ
Case 1:  ݔ ∈ ݌) − ,ߜ −(ݔ)ܨ .(݌ (݌)ܨ = −∫ ௫.ݐ݀(ݐ)݂

௣  

ቚி(௫)ିி(௣)
௫ି௣

− ቚ(݌)݂ = ቚ ଵ
௣ି௫ ∫ (ݐ)݂| − ௣ݐ݀|(݌)݂

௫ ቚ ≤ ቚ ଵ
௣ି௫

ቚ ห∫ −(ݐ)݂| ௣ݐ݀|(݌)݂
௫ ห ≤

ଵ
௣ି௫ ∫

ఢ
ଶ

௣
௫ ݐ݀ ≤ ߳    (4 marks) 
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 Case 2: ݔ ∈ ݌,݌) + −(ݔ)ܨ.(ߜ (݌)ܨ = ∫ ௫.ݐ݀(ݐ)݂
௣  

 
ቚி(௫)ିி(௣)

௫ି௣
− ቚ(݌)݂ = ቚ ଵ

௫ି௣ ∫ (ݐ)݂| − ௫ݐ݀|(݌)݂
௣ ቚ ≤ ቚ ଵ

௫ି௣
ቚ ቚ∫ (ݐ)݂| − ௫ݐ݀|(݌)݂

௣ ቚ ≤
ଵ

௫ି௣ ∫
ఢ
ଶ

௫
௣ ݐ݀ ≤ ߳ (4 marks) 

 
ii. 

If a function ݂: [ܽ,ܾ] → ℝ is ܴ-integrable on [ܽ, ܾ] and function ܨ: [ܽ,ܾ] → ℝ is 
defined by (ݔ)ܨ = ∫ ∋ ݔ ∀  ݐ݀(ݐ)݂   [ܽ, ܾ]௫

௔ then prove that  ܨ is continuous on [ܽ, ܾ]. 
 

 Ans Case 1: ݔ ≥ .݌ −(ݔ)ܨ| |(݌)ܨ = ቚ∫ ௫ݐ݀(ݐ)݂
௣ ቚ ≤ ∫ ௫ݐ݀|(ݐ)݂|

௣ ≤ ∫ܯ ݐ݀ ≤ ߳௫
௣  (4 marks) 

Case 2: ݔ < .݌ −(ݔ)ܨ| |(݌)ܨ = ห−∫ ௣ݐ݀(ݐ)݂
௫ ห ≤ ∫ ௣ݐ݀|(ݐ)݂|

௫ ≤ ∫ܯ ݐ݀ ≤ ߳௣
௫  (4 marks) 

 
Q4. Attempt any TWO questions from the following:   (12) 

ܾ) 
i. State and prove First Mean Value theorem of integral calculus. 

 Ans Statement: Let ݂: [ܽ, ܾ] → ℝ be a continuous function . Then show that ∃ ܿ ∈ [ܽ,ܾ] 
such that∫ ݔ݀(ݔ)݂ = ݂(ܿ)(ܾ − ܽ)௕

௔ .  (2 marks) 

݉(ܾ − ܽ) ≤ න ݔ݀(ݔ)݂ ≤ ܾ)ܯ − ܽ)
௕

௔
 

݉ ≤ ଵ
௕ି௔ ∫ ݔ݀(ݔ)݂ ≤ ௕ܯ

௔  (2 marks) 
 ݂ is continuous hence attains bounds.  
By intermedite value property f takes a value between m and M. So ݂(ܿ) =
 ଵ
௕ି௔ ∫ ௕ݔ݀(ݔ)݂

௔   (2 marks) 
 

 
ii. 

If ∫ ஶݔ݀|(ݔ)݂|
௔ converges then show that ∫ ஶݔ݀(ݔ)݂

௔ converges. 

 

Ans 

ቤන |(ݐ)݂|
௬

௫
ቤݐ݀ < ,ݔ∀߳  ݕ ≥  ଴ݔ

ቤන  ݐ݀(ݐ)݂
௬

௫
ቤ ≤ න |(ݐ)݂|

௬

௫
ݐ݀ ≤ ቤන |(ݐ)݂|

௬

௫
ቤݐ݀ < ,ݔ∀߳  ݕ ≥  ଴ݔ

 
 

iii. Prove that ∫ ௠ିଵ(1ݔ − ଵݔ௡ିଵ݀(ݔ
଴  converges if and only if ݉ and ݊ are both positive. 

 
 

Ans 

For ݉ ≥ 0, ݊ ≥ 0  the integral is proper. When ݉ ≤ 1 , infinite discontinuity at 0 and 
when ݊ ≤ 1 , infinite discontinuity at 1. 
∫ ௠ିଵ(1ݔ − ݔ௡ିଵ݀(ݔ = ∫ ௠ିଵ(1ݔ − ଵ/ଶݔ௡ିଵ݀(ݔ

଴ + ∫ ௠ିଵ(1ݔ − ଵݔ௡ିଵ݀(ݔ
ଵ/ଶ

ଵ
଴ =I1+I2 

For I1, ݂(ݔ) = (ଵି௫)೙షభ

௫భష೘
(ݔ)݃, = ଵ

௫భష೘
. lim௫→଴

௙(௫)
௚(௫)

= 1. By comparison test 

∫ ,ݔ݀(ݔ)݂
భ
మ
଴ ∫ ݔ݀(ݔ)݃

భ
మ
଴  converge and diverge together. 

∫ ݔ݀(ݔ)݃ =
భ
మ
଴ ∫ ଵ

௫భష೘
ݔ݀

భ
మ
଴ converges iff 1 −݉ < 1 ݅. ݁.݉ > 0. (3 marks) 
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For I2(ݔ) = ௫೘షభ

(ଵି௫)భష೙
(ݔ)݃, = ଵ

(ଵି௫)భష೙
. Same approach as above. (3 marks) 

 
iv. 

Sketch the region of integration and calculate the integral ∫ ∫ ସ.ݔ݀ݕଶ݀ݔ
ସ௫

ଵ
଴  

 Ans  
Sketching of area (3 marks) 
Calculation ∫ ∫ ݔ݀ݕଶ݀ݔ = 1/3.ସ

ସ௫
ଵ
଴  (3 marks) 

Q5. Attempt any FOUR questions from the following:                                     (20) 

ܽ) 
Show that 0.21 and 0.2099.… represent the same rational number. 

Ans 0.21= 2
10

+ 1
100

= 21
100

(2 marks) 

0.2099………..= 2
10

+ 0
100

+ 9
103 ቀ 1 + 1

10
+ ⋯… … . . ቁ 

=  20
100

+  9
103 lim௡→∞ ቆ

1ି 1

10೙ష2

1ି 1
10

ቇ ==  20
100

+  1
102 ( 1 − 0) = 21

100
(3 marks) 

2 
ܾ) Show that f(x) = 6ݔ − 4ݔ4 − + ݔ 1 has a zero in each of the intervals     

(−1, 0) , (0 , 1) and  (1 , 2). 

Ans Since f is continuous on IR, by I VP since (2 marks) 
 
f(-1) f(0)< 0 ,f has zero in (-1 , 0) 
f(0) f(1)< 0 ,f has zero in (0 , 1) 
f(1) f(2)< 0 ,f has zero in (1 , 2)(3 marks) 

c) Let P = { 2, 2.1, 2.3, 2.5, 2.9, 3 } be a partition of [2, 3] and  ݂ : [2, 3] ⟶ℝ is a function such 
that ݂(ݔ) = ݔ + 1 then verify that  ܮ(ܲ, ݂ )  ≤  ܷ(ܲ, ݂ ) 

Ans Solution not required. 

d) 

Show that the function ݂ : [1, 3]⟶ℝ is Riemann integrable, where  

(ݔ)݂ = 1   ݎ݋5݂  ≤ ݔ < 2 

2   ݎ݋9݂−  =          ≤ ݔ ≤ 3 
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Ans Divide the interval [1, 3] into 2݊ equal parts each of length 
ଷିଵ
ଶ௡

= ଵ
௡
 

Let ܲ = ቄ1, 1 + ଵ
௡

, 1 + ଶ
௡

,⋯⋯ ,1 + ௡ିଵ
௡

, 2, 2 + ଵ
௡

, 2 + ଶ
௡

,⋯⋯ ,2 + ௡ିଵ
௡

, 3ቅ 

Let ݉௜ and ܯ௜ , ݅ = ,be infimum and supremum of ݂ respectively on ቂ1  ݊ ݋ݐ 1 1 + ଵ
௡
ቃ,  

൤1 +
1
݊ , 1 +

2
݊൨ ,⋯⋯ , ൤1 +

݊ − 1
݊ , 2൨ 

⟹݉௜ = ௜ܯ = 5, ݅ = ݊ ݋ݐ 1 − 1  and  ݉௡ = −9, ௡ܯ = 5                                     1 marks 

  Let ݉௜
ᇱ ܽ݊݀ ܯ௜

ᇱ , ݅ = ,be infimum and supremum of ݂ respectively on ቂ2  ݊ ݋ݐ 1 2 + ଵ
௡
ቃ,  

൤2 +
1
݊ , 2 +

2
݊൨ ,⋯⋯ , ൤2 +

݊ − 1
݊ , 3൨ 

⟹݉௜
ᇱ = ௜ܯ

ᇱ = −9, ݅ =  marks 1                                         ݊ ݋ݐ 1

(݂,ܲ)ܮ =


 
n

k
kkk xxm

1
1 )( 




n

k
kkk xxm

1
1

' )( ]999[1)]9(55[1
 

nn  

nn
n

n
n 144)1)(9()1(5







 ⟹ (݂)ܮ  = −4
                                      1 marks                                                 

       

  ܷ(ܲ,݂) =


 
n

k
kkk xxM

1
1)( 




n

k
kkk xxM

1
1

' )(

]999[1]555[1
 

nn  

4)9(5





n
n

n
n ⟹ ܷ(݂)  =  −4                                                          1 marks

 
∴ (݂)ܮ = ܷ(݂) ⟹ ݂ is R-integrable.           1 marks 

 
e) Prove that   √π Γ(2m)=2ଶ௠ିଵ Γ(m) Γቀm + ଵ

ଶ
ቁ. 

 
Ans 

(݉,݉)ߚ =
2

2ଶ௠ିଵන (sin  ( ߠ2
ഏ
మ

଴

ଶ௠ିଵ

 ߠ݀

Substituting ݐ = (݉,݉)ߚ .ߠ2 = ଶ
ଶమ೘షభ ∫

(ୱ୧୬ ௧)మ೘షభௗ௧
ଶ

=గ
଴

ଵ
ଶమ೘షభ ቈ∫ (sin (ݐ

ഏ
మ
଴

ଶ௠ିଵ
ݐ݀ +

∫ (sin(ߨ − (ݐ
ഏ
మ
଴

ଶ௠ିଵ
ቃ ݐ݀ = ଶ

ଶమ೘షభ ∫ (sin (ݐ
ഏ
మ
଴

ଶ௠ିଵ
 (marks 2) ݐ݀

Also ߚ ቀ݉, ଵ
ଶ
ቁ = ∫ (sin (ݐ

ഏ
మ
଴

ଶ௠ିଵ
 (marks 1).ݐ݀

Combining above and using beta gamma relationship get the result.(2 marks) 
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f) Find the volume of the solid that lies under the hyperbolic paraboloid ݖ = 4 + ଶݔ −  ଶ andݕ
above the square ܴ = [−1,1] ܺ [0,2] using Fubini’s theorem. 

 
Ans Volume=∫ ∫ (4− ଶݔ − ݔ݀ݕ݀(ଶݕ = 12.ଶ

଴
ଵ
ିଵ  

***** 

 


