S.Y.B.A./B. Sc. Semester IV
Mathematics Paper | (Old)
Exam Date 23/04/19
Q.P.Code 66034

Answer Key
(3 Hours) [Total Marks: 100]

Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respective parts.

Q.1 Choose correct alternative in each of the following (20)

i. Which of the following sequences does not have a convergent subsequence

@ | (n+2) (b) 11,02,1,0,2,.ccccuunnnnn..
(c) (1) (d) | None of these
n
Ans @ |[(n+2)
ii. If the decimal representation of a number x is non terminating, non periodic then the number

X belongs to
@ |Q (b) | R\Q
(© |N (d) | None of these

Ans (b) | R\Q

iii. | Which of the following sets is uncountable

(@ |R (b) |N

(©) Q (d) | None of these

Ans (@) R

iv. Let P and Q be any two Partitions of interval [a,b]. Then the statement that is always true is

@ | L. <UWQ.f) () | UCP.f) < UQ.f)

© |UP.f) =L@Q.f) (d) | None of these

Ans @ L(P,f) <U.f)

V. f : [a,b] = R is R-integrable on [a, b]. Then
(@) | f? and |f|are R-integrable on | (b) | f2is R-integrable on [a,b] but |f| may or
[a, b]. may not be so.
(c) | Both f2and |f| are not (d) | None of these

R-integrable on [a, b].




(@) | f% and |f|are R-integrable on

Ans [a,b].
_ Let f : [0,100] - R be defined as f(x) = |[x],
Vi (Where |x| is floor function of x ). Then
f is discontinuous hence not | (b) | fis R-integrableand [, f(x)dx = 5000
@ R-integrable.
fis R-integrable and (d) | None of these
© | [ f(x)dx = 4950
fis R-integrable and
Ans | (c) foloo F(x)dx = 4950
vii. | Gamma function T'(n) is defined as
() fol e *x" 1dx, n>0 (b) fol e*x™ 1 dx, n>0
(c) fooo e *x™"1dx, n>0 (d) fooo e*x™ 1 dx, n>0
Ans | (c) fooo e *x™1dx, n>0
VIL | Fing Jg sin®x dx
@ g ORE:
12
() [5m (@ |5n
32 6
Ans | (c) |5m
32
ix. | P(mn)=
(a) 1 xm-1 4 (b) 1 xm-1 4
o (1 + x)m—n X o (1 + x)m+n X
(© O (d) None of these
o (L+x)ym™m ax
Ans | (b) 1 m-t ;
0 (1 + x)m+n X
x. fol fol_yf(an)dXdy:
(a) 1 rx (b) 1 r1-x
[ [ reyyavas [ [ ey
0 Y0 0 Y0
(c) 1 rl=y (d) None of these
[ | revavas
0 Y1
Ans | (b) 1rl-x
j f(x,y)dydx
0 Y0




Q2. | Attempt any ONE question from the following: (08)
a) | Using Nested Interval Theorem prove that every bounded sequence of real numbers has a

convergent subsequence.

Ans | Let (x,,)be bounded.
S={x,/neN } is subset of | = [ab] for some a b in
R.
Let n;=1.Bisect | into two subintervals both of equal Iengthbz;a sayl; '1{'
Let Ai{neN/n>n;,x, € [; } Bi{n€Nn>nyx, € I{'} (2 marks)

At least one of A; Bj is infinite.
Say Aqis infinite . Then I, =1}
Let n, be minimum element of A, (2 marks)
Else if By is infinite .Then I,= I; n,be minimum element of By........
Proceed similarly to get a nested sequence of intervals I; (11, [1...... ) SO
And a subsequence (x,, ) of (x,) suchthatx,, €I,k € N and length of I, =
P2 L 0asn - o
2k -1
(2 marks)

By Nested Interval Theorem there exists unique element ¢ inN;-; I,and...... (xnk) -
c(2 marks)

il Using Nested Interval Theorem prove that
if f: [a,b] — R isa continuous function with f(a)f(b) < 0, then
there exists ce (a, b) such that f(c) = 0.

Ans | Given f(a)f(b) < 0
Say f(a) < 0 < f(b)
Let, =[ay by ] a=a; b=by py = 2% (2 marks)
Iff (p1)< 0 then a,— pll bz = bl e|SE if f (p1)< 0 then a,— 'alv, bzv =P
Letl, = [a, b, ] length of I, = b 1a........ UTTTUTUTURTRRRTTS
Proceed S|m|IarIy to get a nested sequence of mtervals 11 DI2 ...... ) SO
length of I, 2——>Oasn—>oo
By Nested Interval Theorem there exists unique element ¢ inN3;—; I,
Since f is continuous and f(a, ) < 0; f(b, ) > 0.....................F(©)=0

Q.2 | Attempt any TWO questions from the following: (12)
b) |1

If I, = (O%) for all neN then prove that N;—, I, = ¢




Ans

Suppose x € N5=1 I,

Hencex € I, foralln € N

sincex20by AP 3n, € Ns.t. ny > i
x does not belong to I,

x does not belong to N;,—; I,
Contradiction........

Prove that any real number xe [0, 1] can be represented in decimal representation.4

Ans

Divide [0,1] into 10 equal parts of length %

b bi+1 b bi+1
Hence x € [ , 222 ([ 2]  for some b, € {0 ,1,......9}
10 10 10 10
b .
Ifx e ﬁ x = 0. by process terminate
Else

Letl, = [f—; ,

b
Hence x € [ﬁ +

by+1 .. . 1
1—0] Dividel; into 10 equal parts of Iengthﬁ
b2 by b2+1) [ﬂ+ﬁ by b2+1]

102 '10 102 10 102 '10 102

for some b, e {0

N 9}
Ifx € f—; + 1%, x = 0.b, b, process terminate else let I, = --- ....

Proceed similarly we get

either x =0.b,b, ... b,.

Or we get a nested sequence of intervals I; [11, [1...... O, ... ...
s.tlengthofl, - 0asn -«

By Nested Interval Theorem there exists unique element ¢ inN3;—; I,
X=C

Find a family of open intervals G= {J,,:n € N} such that (0, 2] € Uj=, J» ,but

there does not exist a finite subset F ={n; n,,...nk} < N such that (0, 2] is subset

OfUnEF]n-

.......




AnsLl | Let G={J,=(= 3)/ n € N}
Part 1:
X € Aimplies since Xx20by AP 3In, € Ns.t. n, > i
Hence €
ATU*, (2 marks)
Part 2: TPT there does not exist a finite subset F ={n; n,, ...} € suchthat (0, 2] is
subset ofU ¢
Suppose
there exist a finite subset F ={n n, .._.n} & such that (0, 2] is subset ofU ¢
AU 4 where | < 5, ... <
Hencet > <+ o...> 1
1
L #0,h 3 € st0< <-4
x does not belong to U, Jn,
Contradiction....... (4 marks)
iv. ) ) )
Using Nested Interval Theorem prove that closed interval[0,1] is uncountable.
Ans Suppose that closed interval[0,1] is countable.
We can enumerate 1=[0,1] as{x1 Xo........ Xn,...}
Select closed interval I, of |s.t x; does not belong to interval I;
Select closed interval I, of |s.t X, does not belong to interval I, and so on
Proceed similarly to get a nested sequence of intervals I; [11, [1...... ) SO
S.tx, does not belong to interval I,,(4 marks)
By Nested Interval Theorem there exists unique element ¢ inN;,—; I,
But c# x,for all n
c does not belong to N3,_; I,
contra............(2 marks)
Q3 a | Attempt any ONE question from the following: (08)
Let f: [a,b] = R be a bounded function. Prove that f is R-integrable on [a, b] iff for
A i) any €= 0, there exists a partition P of [a, b] such that
U(faPe ) —L(f, PE) <E.
Proof: (=) Given f is R integrable on [a, b].
A T.P.T: Ve > 0, 3apartition P.of [a, b] such that, U(f,P.) — L(f,P.) <e.
ns Let, € > 0 be any real number, as f is R integrable,
= U(f) = L(f)




Where, U(f) = inf{U(f, P): P is any partion of [a, b]}
And L(f) =sup{L(f,P):P is any partion of [a,b]}

=~ for given € > 0,3 a partition P; of [a, b] such that,

U(f) S U(f P < U() +- (1)

Also, for given € > 0,3 a partition P, of [a, b] such that,
€
L(f) =5 < L(f, P) < L(f)

or — L(f) < =L(f,P,) < —L(f) +7 (2)
from (1) and (2)
U(f) = L(f) < U(f, P) —L(f,P) < U(f) —L(f) + €
~0<U(f,P) - L(f,P;) <€ 3
(- U(f) = L(f))

Now taking P. = P, U P,,

~U(f,P) < U(f,P)&L(f,P.) = L(f,P,)( P, S P.& P, € F)
~U(f P) —L(f . P) <U(f,P) — L(f.P) <€ Dby(3)
~U(f,P) —L(f P) <€

(<) Given: Ve > 0, 3apartition P.of [a, b] such that, U(f,P.) — L(f,P.) <e.
T.P.T: f is R integrable on [a, b].
ie. TP.T: L(f) = U(S)
* Ve > 0,3apartition P.of [a, b] suchthat, U(f,P.) — L(f,P.) <€
We know that, U(f) < U(f, P.)&L(f) = L(f,P.)

=0 S U(f) — L(f) < U(f,P) — L(f, P) < (= U(f) = L(f))
~0<U(f) = L(f) <€~ U(f) = L(f)

Let f:[a, b] = R be a monotonic increasing function. Show that f is Riemann
integrable on [a, b].

Ans

Claim: if f is increasing function on [a,b] then f is R integrable.
Let P={x0, x1, ..., Xn ] be a partition of [a,b]
As fis increasing on [xi.1 Xi] such that Mi=f(x;) and mi=f(x;.1)

where M; =sup{f(xX)/x€[xi1 xi] } &m;=inf {f(X)/x€[xi.1 xi] }(2 marks)

UP,H—L(P,H=X",(Mi — mi)(xi — xi — 1) < X, (f(xi) — f(xi — 1)|IP]|
= (f(b)-f(a)) IIPIl

€

Select P such that ||P|| < f(b)—f(a)+1

(2 marks)




Hence U(P,l—L(P,f) < m (f(b) —f(a)) < € (2 marks)

b)

Attempt any TWO questions from the following:

Let f : [a,b] = R be abounded function withm = Inf (f) and
M = Sup(f)on [a,b]. With usual notations, define L(P, f) and U(P, f) whereP is a
partition of [a, b]. Hence prove that

m(b—a) <L(P,f) <UP,f) <M(b-a).

Ans

Let f be a bounded function on [a,b] .
Let P ={xg,xq, -+ -+ =+, X, ybe @ partition of [a,b]
As f is continuous by boundedness be a partition of [a,b]

Define i) upper sum ,ii) lower sum (3 marks)

let M; = sup{f(X) / X€[x;_1 ,x;] } &m; = inf {f{(X)/xE[x;_1 , x;] }-
m < mi<M < M fori=1,2,3...,n

hence m(b-a) < L(P,f) < U(P,f) < M(b-a) (3 marks)

Let f: [a,b] = R be a bounded function if f is R-integrable on [a, c] and [c, b] then
prove that f is R-integrable on [a, b]andf:f = f:f + fcbf

Ans

Given f is integrable on [a, c] and [c, b].

for any € > 0 3 a partition P, of [a, c] suchthat U(f,P;) — L(f,P;) < €

for any € > 0 3 a partition P, of [c, b] suchthat U(f,P,) — L(f,P,) < €

since U(f,P) =U(f,P,)+U(f,P,) and L(f,P)=L(f,P;)+L(f,P,) 2marks

Take P = P, UP, = U(f,P) < U(f,P,) and L(f,P) = L(f,P,)

~ U(f,P) = L(f,P) SU(f,P) — L(f,P) <€
~ f i1s R — integrable on [a, b]
for any € > 0 3 partitions P; and P, of [a, c¢] and [c, b] then one can find a partition
of [a, b] such that U(f,P) — L(f,P) < €= f is R — integrable on [a, b]. 1 marks
Claim: [/ f= [[f+ [ f
LHS:f:f = fcbf < U(f,P)<e+L(f,P)<e+L(f,P) +L(f,P,) <€ +f;f+

b
) f
therefore [V f < [Cf+ [ f 2 marks
Similarly one canshow [ f > [*f + [’ f 1 marks

Hence [ f= [Sf+ [ f




By stating properties of Riemann integrability justify which of the following functions

are Riemann integrable ?
i) f(x)=es"¥l on[-n.n]

i) f(x)= Oifx =0

=—Lf—<x<— neN

n+1
Ans
1) e* ,sinx,|x|,x? allare continuous functions on R and composition of

continuous functions is continuous hence Riemann intrgrable .

f has fintely many discontinuities hence is Riemann Integarable.
. Using Riemann Criterion, show that the function : [2, 3] — R defined by f(x) = x +
V. 3 is Riemann integrable.
Ans

Forany €e>0 Claim:U(P,f) — L(P,f) <€

By Archimedean property, an ¢ N such that n>1/c = 1/, <e
LetP = {0,1/,,,2/y, -1} be a partition of [0, 1].

X — Xg—1 = 1/n and x, = k/n

Since f is increasing, hence M, = x, +3 and my =X, , +3 (3 marks)
up,f) — L(P,f) = sz(Xk —Xy1) — zmk(xk —X¢4) = Z(Xk — X ) (X = Xi1)
k=1 k=1 k=1

= 1£<ix <1<e (3 marks)

klnn n? n

=~ f is R-integrable.

Q4.

Attempt any ONE question from the following: (08)

If the function f: [a, b] —» R is a continuous function and letF (x) = f;f(t)dt Vx €
[a, b], then prove that F(x) is differentiable and F'(x) = f(x)vx € (a,b).

Ans

Letx e (p—98,p+6)
Casel: x € (p—6,p). F(x) — F(p) = —f:f(t)dt.

FZD — f()| = | [0 - flde] < || [[71£(6) - f)lde] <

pe
pTxfx ~dt < e (4 marks)




Case 2: x € (p,p + 6).F(x) — F(p) = f: f(t)dt.

FOTD ()| = | S LA - F@)lde| <
Tpf:zdt < € (4 marks)

If a function f: [a, b] —» R is R-integrable on [a, b] and function F: [a,b] - R is
defined by F(x) = f; f(t)dt ¥ x € [a, b]then prove that F is continuous on [a, b].

ANs | Case 1: x > p. |[F(x) — F(p)| = < [1fOldt < M [ dt < € (4 marks)
Case 2:x <p.|[F(x) = F()| = |- [ f(®)dt| < [TIf(®)ldt < M [} dt < € (4 marks)
Q4. Attempt any TWO questions from the following: (12)
b)

State and prove First Mean Value theorem of integral calculus.

Ans Statement: Let f: [a, b] = R be a continuous function . Then show that 3 ¢ € [a, b]
such that [ f(x)dx = f(c)(b — a). (2 marks)
b
m(b—a) < j f(x)dx < M(b—a)
a
m< ﬁf; f(x)dx < M (2 marks)
f is continuous hence attains bounds.
By intermedite value property f takes a value between m and M. So f(c) =
1 b
— J, fCx)dx (2 marks)
If [ ”1f (x)|dxconverges then show that [ ° £ (x)dxconverges.
ii.
j [f(®)]dt] < evVx,y = x,
Ans
j F(0)dt j IF ()] dt < j IFOldt| < eve.y = x,
i Prove that fol x™~1(1 — x)™ 1dx converges if and only if m and n are both positive.
Form > 0,n > 0 the integral is proper. When m < 1, infinite discontinuity at 0 and
when n < 1, infinite discontinuity at 1.
fl x™ (1 —x)" dx = fllz m‘l(l —x)" ldx + fl x™ (1 — x)" tdx=11+],
Ans |For Iy, f(x) = (- x_) ,g(x) = == lim,_, fEx; = 1. By comparison test

f f(x)dx, f g(x)dx converge and diverge together.

f g(x)dx —fo_ _dxconverges iff 1 —m < 1i.e.m > 0. (3 marks)




xm—l

(1-x)t—’

For Ix(x) =

(l_xl)l_n. Same approach as above. (3 marks)

glx) =

Sketch the region of integration and calculate the integral fol [ 44x x%dydx.

Ans
Sketching of area (3 marks)

Calculation fol ) 44x x2dydx = 1/3. (3 marks)

Q5.

Attempt any FOUR questions from the following: (20)

Show that 0.21 and 0.2099.... represent the same rational number.

Ans

1 _ 21

2
0.21—5 ST 100(2 marks)
2 .0 . 9

0.2099........... =2e o1+
10 100 10 10

P
20 9 . 1071_2 _ 20 1 21

b)

Show that f(x) = x® — 4x* — x + 1 has a zero in each of the intervals
(-1,0),(0,1)and (1,2).

Ans

Since f is continuous on IR, by I VP since (2 marks)

f(-1) f(0)< 0 ,f has zero in (-1, 0)
f(0) f(1)< 0 ,fhas zero in (0, 1)
f(1) f(2)< 0 ,f has zero in (1, 2)(3 marks)

LetP={2 21,23, 25,2.9, 3} be apartition of [2, 3]and f : [2, 3] — R is a function such
that f(x) = x + 1 then verify that L(P,f) < U(P,f)

Ans

Solution not required.

d)

Show that the function f : [1, 3]— R is Riemann integrable, where
f(x) = 5for 1<x<2

= —9for 2<x<3

10




. . . 3-1 _ 1
ANS | Divide the interval [1, 3] into 2n equal parts each of length vl e
Let P :{1,1+l,1+3,......,1+”_‘1,2,2+l,2+3,......,2+"_‘1,3}
n n n n n n
Let m;and M; ,i = 1 ton be infimum and supremum of f respectively on [1, 1+ %]
1 2 n—1
[]_+_,]_+_], ...... ,[]_+ ,2]
n n n
=m; =M; =5, i=1lton—-1and m, =-9, M, =5 1 marks
Letm; and M; ,i = 1 ton be infimum and supremum of f respectively on [2, 2+ %]
1 2 n—1
[2+_,2+_], ...... ,[2+ ,3]
n n n
=m; =M, =-9, i=1ton 1 marks
n n ; 1 1
L(P,f) :zmk(xk — X))+ zmk(xk — Xi1) :H[5+5+"'+(_9)]+H[_9_9_ """ —9]
k=1 k=1
500D, (D, Wy = g
n n n 1 marks
U(P,f) :sz(Xk — Xi1) + ZMI;(Xk — X1)
k=1 k=1
1 1
=—[5+5+:--+5]+—[-9-9—---- -9]
n n
_on (On U(f) = —4 1 marks
n n
~ L(f) = U(f) = f is R-integrable. 1 marks
e) Prove that +m['(2m)=22""1T(m) T (m + %)
Ans 2m-1

2 (2
,B(m,m) = W,fo (sin26) do

. m— b 2m-1
SUbStitUting t=26. ,B(m, m) = > 2 fn (sin €)M~ dt = 22;_1 [foz(sin t) dt +

m-1J(Q 2

E ] 2m-—1 ] P E ] 2m-—1
fOZ (sin(mr — t) dt | = zm—_lfoz (sint) dt (2 marks)

2m-—1

Also B (m, %) = fog(sin t) dt.(1 marks)

Combining above and using beta gamma relationship get the result.(2 marks)

11




Find the volume of the solid that lies under the hyperbolic paraboloid z = 4 + x? — y2 and
above the square R = [—1,1] X [0,2] using Fubini’s theorem.

Ans

Volume=J" [*(4 — x? — y?)dydx = 12.

*khkkkk
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