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Note: (i) All questions are compulsory.
(ii)Figures to the right indicate marks for respective parts.
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[Total Marks: 100]

Q.1 | Choose correct alternative in each of the following (20)
i. | How many permutations of S, are expressed as composite of disjoint 2- -cycles?
(@) |12 b6
(©) (d) 10
Ans | (c)3
{i. | Signature of a cycle of length 7 is
T @ [n® ®)[r
(€) | (=)D (d) | None of these
Ans | (¢) (=D)F+D)
ifi. | The number of elements in A, is
(8 {6 (b) [ 720
(¢) |360 (d) | 26
Ans | (¢) 360
iv. | For the sequence 1, 7, 25, 79, 241, 727+, simple formula for (a,,) is
(a) |3"+2 (b)| 3" -2
) [-3"+4 (d) (n? —2
Ans | (b)3" -2
v. | If X, Y are finite sets and there is an surjective function /: X — ¥ then
@ ||X(=|7] (b)| [ ¥[=]7]
) | [x]=]7] (d) | Nong of these
Ans | (o) [x[>]7]
vi. | How many ways are there to pick a man and a woman who are not husband
and wife from a group of n married couples?
(a) [~ (b) [ n(n—1)
(¢) [n+(m=-1) (d) | None of these
Ans|(byn(n—1)
vii. | Let S(n, k) denote the Stirling number of second kind on n-set into #- -disjoint
nonempty unordered subsets, then S(n, 1) is
(a) |1 (b) |0
(¢) |n (d) | None of these
Ans | (a)l
viii. | How many students must be in a class to guarantee that at least two students
receive the same score on the final exam, if the exam is graded on a scale from
0 to 100 points?
(a) | 101 (b)| 102
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(c) |100 | (d) [ None of these
Ans | (b) 102
ix. | 17 students are present in a class. In how many ways, can they be seated on 2
circular tables having of 8 and 9 chairs?
(a) 17 | (b)| (17
()98 ()87
(c) |9!8! (d) | None of these
Ans 17
b (5, )87
x. |Ifpisaprimeandn > 0, then
(a) Ny = pn l (b) Yy = —l
oM =p" (1+3) ¢@") =p(1-3)
c - —onfq_1 (d) | None of these
© o™ =p (1 p) @
Ans| ) @™ =p" (1-2)
Q2. | Attempt any ONE question from the following: (08)
@) (1. | Prove that for n> 1, the number of even permutations is equal to the
number of odd permutations , each set having ? elements.
Ans | Let S, denotes set of all permutations ofset S = {1,2,..,n}.

vy <k ..(3) a 1
“ky =k, \ .. (4)
Thus from(1)
!
L ket

18,1 = ! 1
Since I, (identity permutation) € S,, and it is even.
Alsofor> 1, (1,2) € 5, and it is odd. 1

*+ Sy, contains even as well as odd permutations.
Let k; = odd permutations in S, and
k, = even permutations inS,,.

Then ky +k, =n! .. (1) 1
As (1,2) € §,, for every even permutation « , we have
corresponding odd permutation (1, 2).
Thus there are at least as many odd permutation as even
permutations.

skyzk, (D) !
On other hand, for every odd permutation , we have corresponding
even permutation £(1, 2).
Thus there are at least as‘many even permutation as odd
permutations.
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it.

Define Linear Homogencous recurrence relation of degree n.
Show that if the characteristic equation x2 — a,x — a, = 0 of the

recurrence relation b, = a;h,_; + ayh,_, has a single non-zero roots

g, then h, = ¢ g7 + c,nqy is the generalsolution of the recurrence

relationh, = a;h,_; + azh,_,.

Ans | Definition: (2 marks) 2
Given recurrence relation h,, = ajh,_y + ayh,_, ...(1)
Its characteristic equation x% —a;x —a, = 0 - (2) 2
As qq isroot of (2) then q,2 —a,q, —a, =0
= ¢’ =aq +a
by = C1g} + cong]
=197 %.q,% + ¢;ngl 2. q,
=c;q1 2 (a1 + a2) + c;ngl 2 (a9 + ap)
=hper + Gy y  ..(3) 4
Equation (3) satisfies the equation (1)..
Q.2 | Attempt any TWO questions from the following; (12)
b) | i .o ._(1 2 3 45 6 7 8 9
For the permutation ¢ (5 481093 7 ¢ 2)
(I) Express o in one row notation. (II) Find the inverse of o.
(III) Express ¢ as a product of transposition and find the sign of o.
Ans | CM+2M+2M)
(Do =(15924)(386) 2
1_(1 2 3 45 6 7 89
(H)“_(496218735) 2
() e = (14)X(12)(19)(15)(36)(38)
Or 2
g =(15)(59)(92)(24)(38)(86)
Sign(o) =1
it. | Solve the following recurrence relations using iteration method:
(@) ¢p = (—1.1)cpog, 0, =5 "
0)dn=dy1—2,d, =0
Ans | (a) ¢, = 5(=1.1)*1 3
(b) d,, = —2(n — 1) 3

iii.

Define Signature of permutation.
Provethat, ifa, § € S, then sgn(af) = sgn(a) x sgn(B).




Ans | Definition: sgn(@) = Masicjen = 1 2 2
Leta,B,€ S5y,
By def
af)(i) — (af)(y
sntapy= [ RO A0
1gi<jsn J _
= [Tacici () () —{ap)(J) v (BIH-(BI)
e (28)_(32?())) - BYDB-{B)U) ?
_ a(Bli)y—a{fij) i}— )
- H15i<j5n B(l)_ﬁ(}) X H15i<j5n_—Tj_—
Let B(i) =a, B(j)=Dh
= n15i<jsn£(%:%g2 x sgn(B)
= sgn(a) x shn(B) 2
iv. | Solve the linear homogeneous recurrence relation by, = [ (P
n > 3 h, = 1,h, = 1 by using characteristic equation.
Ans) _(1)(1+x/§)"+( 1)(1—\/3)" 6
n 75 2 N3 2
Q3. | Attempt any ONE question from the following: (08)

at least 2, and if x is a friend of y then y is a friend of x.)

Define finite set. Show that in any set X of people there are two members
of X who have the same number of friends in X. (It is assumed that 1X] is

Ans

Def- A set A is said to be finite if it is empty or if |4| = » for some
n € N. i.c. if there is a bijection f: A - N, for some n € N.

Let |[X| = m.
Define a function fon X, such that fx) = number of friends of x.

Then f{x) values are 0, 1, 2, ..., m-1.

If fx) = 0 for some x, then f{x) cannot be m - 1 for any x € X.
Thus, fis not injective. Therefore, there must be @ and b, such that

fla) = £B).

Similarly, If f(x) = m - 1 for some x, then f{x) cannot be 0 for any
x € X. And again we get fla) = f(b) for some a and b in X.

2

ii.

three who are mutual strangers or mutual friends.

State the Pigeonhole Principle. Show that in any set of 6 people there are
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Ans | Statement: If there are n pigeonholes and n+1 pigeons, then at least
one of the pigeonholes must contain at least two pigeons. 2
Fix any person from the group of 6 people. Call him X.
Form two pigeonholes, F" and S. F will contain friends of X and §
will contain those, who are strangers to X. 2
By strong form of Pigeonhole Principle, one of these pigeonholes
must contain at least three people.
Suppose F contains (at least) three people, B, C, D. If any two of
these are friends of each other, then we get three who are mutual
friends. If no two of B, C and D are friends of each other, then we 3
get three who are mutual strangers.
Similarly, it can be shown if there are (at least) three people in S, | 1
Q3. | Attempt any TWO questions from the following: (12)
b) |i. Show that interval [0,1] is uncountable.
Ans | Consideraset A={l/n,neN} 2
N is infinite so A is also infinite "
Therefore, 4 is infinite, then [0, 1]is infinite; 2
Using contradiction prove that [0,1] is uncountable. 2
ii. | Find Stirling number of second kind S(», &) for n=15 and k=1,2by
actually partitioning.
Ans | Let k= 1. Then {{a, b, c, d, e}} is the only partition possible. 2
Hence, S(5, 1) = 1.
Letk=2.
Then, |
({a), (b, c. d, e}}; {{b}, {a. ¢, d, e}}, {{c}, {a, b, d, e}}, {id}. {a.
b, c, e}}, {{e}, {a, b, c, d}}, _—
{{a, b}, {c.d, e}}, {{a, c}}, {b, d, e}}, {{a d}, (b, ¢, €1}, {{a. el
{b$ C’ d}}5 {{b’ c}’ {a’ d’ e}}’ {{b’ d}’ {a? c’ e}}’ {{ba'-‘ e}5 {a’ C?
dy}, {{c, d}. {a, b, e}}, {{c. e}, {a, b,d}}, {{d, e}, {a,b,c}}are |3
the only partitions.




Hence, S(5, 2) = 15.

iii.

Prove by mathematical induction ${r, #n - 1) ="C,.

Ans

P(1} is true, P(2) is true
Assume the result is true for p(m)
Hence prove p(m+1)

[N I S O

iv.

In how many ways can we draw

(a) a heart and a spade

(b) a king and an ace

from an ordinary deck of 52 playing cards?

Ans

a) C(13, 1) x C(13,1)=13 x 13 =169
b)C4,1)x C(4,1)=4x4=16

LS

Q4.

Attempt any ONE question from the following:

(08)

State and prove The Multinomial Theorem.

Ans

The Multinomial Theorem: Let n be a non-negative integer. Then :

(xl + xz + +'xr)n =

’ n n

. 1,72 ny
Z”1+"2+°"+nr=_n( )xl Xy weXp .
3.7, My (20) Ny, Ny, ey, Ny

Proof: We write (x4 + x, + -+ + x,.)™ as a product of n factors,
each equal to (x; + x, + - + x,.).

We expand this product using the distributive law and collect like
terms.

For each of the n factors we choose one of the r numbers

X1,X32, ., Xy and form their product.

There are r™ terms that result in this way, and each can be arranged
. ne .

in the form x; x.? . Xy, ¥, Where ny, ny, ..., 1y, are non-negative
integers whose sum is n.

We obtain the term x;'%x,? ... x, %, by choosing x; from the n; of
the n factors, x, from the n, of the remaining n — n, factors,..., x,
from n; factorsn —ny — n, — -+ — n, i.e. n, factors.

Thus, by the multiplication principle, the number of times the term

x| x™ oceurs is given b
1 Xp Xy g 2
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(7?1) (n ;an) (n —hT n.fir_ o nr_l) which is equal to

( n—ng ) nl
Ny, My, e Mg nyinglangd
Hence, the sum of the r™ terms is

n
Ny M Ty
Znﬁnﬁmm’:”( n ) X
nyﬂz,...,nk(go) nl; 2,...,‘”,1,_

Thus, (X4 + X5 + =+ x.)" =
n

Lin g +nptdn #n( )x"1xﬂi'z. LMk
B N oo Mt g
nlran---;nk(Zo) nl’ yAl ] n‘r’

il.

For Euler’s ¢ function prove that:
Ifn = p™ p? ... p{* is the prime factorization of n, then,

o) =n(1 —pi—l) (1 —i (1 —i).

Ans

Let A; denote the subset of N, which consists of the multiples of
p;j(1<j<t). Thenp(n) =n— |4, U A, U. . .U A

i=t .
=n—[2Aj- 2 AnA+ T |An AN Al

1=i<jst isi<j<kst
t
+(—1DY n Al
i=
i=t
-n- £§1|Ail + 1.<.i§jstlAi n Ajl B 1si<§<ks_t|Ai' n4;n Akl—' o
_ t
+H-1) 0 Al
=n—a; + Ozg— . o0 s +(_1)tat
Where a; is the sum of the cardinalities of the intersections of
Ay, A, ..., Ay taken © at atime. The intersection Ajy N Ap N...N
A;; contains the multiples of p=pj; X P2 X. ... X Pji in N,
and these are just the integers, p, 2p, 3p, s (1;-) p.
.. the cardinality of this intersection 18 %, and «; is the sum of all
1\( 1
t f e3=n(—-)(—-—)... :
erms of type, ” AV
1

& p(m) =n—n(P1+Pl+--- D) Gt

2 Py PP, PP
+ e ....+(—1)tn(

)

P1P2P3 ---.Pt)




Attempt any TWO questions from the following: (12)

i.

Prove by giving a Combinatorial argument: Y.;_, G:) = 2™

Ans

First we will show that the number of subsets of a n set is 2™,
Let S = {x{, %y, ..., Xo} be any n-set and A be any subset of 5.
Now, The element x; has two choices, x; € A or x; € A.
Similarly the element x, has two choices, x, € 4 or x; € A.
Continuing this way, we can say that every element of S has two
choices.

Depending upon these choices, different subsets are formed.
Hence by the Multiplication Principle, the number of subsets of S
are 2 X 2 X ..ntimes =2"....(*) 3

Now, consider the L.H.S. of ¥t (1) = 2"
A subset of Scanbe of size Oor 1 or 2..orn.
The number of subsets of S of size 0 is 1 = (g)

The number of subsets of S of size 1 is (711) |

The number of subsets of S of size 2 is (;)

The number of subsets of S of size n is (2)
Hence, by the Addition Principle, the total number of subsets of S
is I

(o) + (D) + )+ -+ () | ’
By from (*) and (**) we get, 2" = (g) + Gt) + (g) + -+ (2) =

Zheo (i) 1

ii.

How many 8 letter words can by constructed by using the 26 letters of
the English alphabets if each word can contain 3, 4 or 5 vowels? It is
understood that there is no restriction on the number of times a letter can
be used in constructing a word.

Ans

We count the number of words according to the number of vowels
they contain and then use the Addition Principle.
First, consider words with 3 vowels. Consider any 8 letter word.

The 3 positions occupied by the vowels can be chosen in (g) ways

and then the other 5 positions are taken by the consonants. There
are total 5 vowels and 21 consonants in the alphabets. Since the

5

8




2

repetition of letters is allowed, the 3 places of vowels can be filled
in 53 ways and 5 places of consonants are filled in 21°.

So, the total number of words with 3 vowels is @) 53215, 2
In a similar way, we can see that the number of words with 4

vowels is (i) 54214 and the number of words with 5 vowels is

()5 212,
The total number of words of the required type is (g) 53215 +
(8)521' + (8)5°212, - 2

fii. | Find the number of positive integers from 1 to 600 (both inclusive)
which are not divisible by 2, 3 and 5.

Ans | Let A = set of all numbers divisible by 2. ‘

g = setof all numbers divisible by 3.
¢ = set of all numbers divisible by 3.

~ 14l = |5 =300
B| = F%‘l = 200
600 2

Ic1 = || = 120

lANB| = [Ic—fd—“%-ﬁ = [—29 =100

8001 = |l = 351 = 40

|AnC|=LEE-:A'-°-fﬁ_=[9fF°_=60 2
JANBNC| =[W—6"é’;5—)]=l6—:§ =20

» By Inclusion Exclusion principle, the number of positive integers
from 1 to 600 (both inclusive) which are divisible by 2, 3 and 5.
lAvBUCl
=|A|+|Bl+|C|—|AnBl—lBnCl—lAnCl+1AanCl
= 30.0+200+120—-100-—40—-60+20
=440
- numbers not divisible by 2,3 and 5 are
—~600—|AUBUC|
= 600 — 440
= 160
160 Numbers are not divisible by 2, 3 and 3.




iv. | (a) Show that D = nDp_y F (-1)"n = 2.
(b) In how many ways can the integers 0, 1,2, ..., 9 be permutated 50
that exactly 4 of the integers are in natural position?

Ans | (a) We have,

LHS= Dk+1
Y S W ot GO

n.(l 11+2! 3!+' et (n—-1)! + n! )
_ 1,1 1 v "
—n!(l 1!+z! 3!+' et (n—1)1)+n! nt

(n—1{ 1 1,2 Ly +(_1)n—1 +(=1)"
=n{n—1)! —_——t———t. . . —
_ 1 2t 31 (n— 1!

= nDn_l + ("‘1)“' ;
= RHS 3

oo D-n = nDn_.l + (_1)1‘1,“ = 2

(b) Out of the 9 integers any 4 can be selected by £(9,4) ways.
These 4 integers can be arranged in natural position in only 1 way.
The rermaining 5 integers should be deranged. This can be done in

D ways. - by multiplication principle, the required number of

permutations is €(9,4)Ds = 2 x51(1 —-11;+-217—i+l -~ =

als! 3t 4 B
126 % 44 = 5544 ways.

3
Attempt any FOUR questions from the following: (20)
Show that the number of elements in S,is (n). List all the elements in S3.
LetS ={12,...n} and each permutation is bijection from S to S.
- image of 1 to n elements can be selected in following ways
15t glement image ... Ways
ond element image  ...0-1 ways
nffelement image ...1 way
Total ways=1 X 2 X..X 71t = n! )
Elements of S3
(1 2 3 (1 2 3 (1 2 3
w39 263D %3
P=(3 1 2 Po=(; 3 ) Pe=(3 2 1 3

n
Prove that b, < @) for the recurrence relation by = by_1 ¥ 2bn—2,

10

b, = 1,b,=3,n23.
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P(n): by < (E)
P(1) is true
Assume P(k)
Prove P(k + 1)

1
1
3

In Algebra class, 32 of the students are boys. Each boy knows five of the girls
in the class and each girl knows eight of the boys. How many girls are in the

class?

Ans

If we put each boy in rows and each girl in column. Then total of each
row is 5 and there are 32 rows.

total number =32 x 5= 160
Since each girl knows eight boys,. Let there are n girls
total number = 8n
8n = 160
Number of girls =20 .

2

d)

State strong form of Pigeonhole Principle (Extended Pigeonhole Principle).
Given 5 points in the plane with integer coordinates, show that there exists a

pair of points whose midpoint also has integer coordinates.

Ans

Let qy, Gzeeenrer-s qa be positive integers. If @i+ 2 F....oono +q,—n+1>0
objects are put into n boxes, then either the first box contains at least q;
objécts, or the second box contains at least g objects, or the n® box
contains at least q, objects.

Let there be four pigeonholes: EE, OO, EQ, OE.

The five points be the five pigeons. Therefore, by Pigeonhole Principle,
there must exist at least two points in one of these pi geonholes.

Suppose, there are (at least) two points ¢ and b in EE, it means both the
coordinates of a and b are even numbers. Clearly their midpoint also has
integer coordinates.

Similarly, it can be shown if either OO, EO or OE contains (at least) two
points. '

1
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e) | Prepare Pascal’s triangle up tonn. = 8.
Ans wklo 1112 13 |4 |5 (6 |7 8
1 1
2 112 11
3 113 13 |1
4 i (416 14 |1
5 |1 |5 [10 {10 |5
6 1 |6 |15 {20 |15 |6 1
7 1 17 121 |35 |35 |21 7 1
8 |1 18 |28 |56 |70 |56 (28 |8 |1 ?
f) |Define Euler ¢ function. Hence find ¢(480).

Ans | Euler function ¢: N — N is defined by: ¢(n) = the number of positive
integers less than or equal to n which are relatively prime to 1. 1
$(480) = $(25.31.5Y)
= $(25)p(31)p(5") by definition of ¢ function.

_ 95 1\ q(q_1L i
=2 (} ‘5)23(1 ‘;)1 5(1-3)
—25(XY3(% —=
=2 (2) 3 (32) > (1 5) 2
1
=32(3)3(3)5 ()
| |=128 2 |

kFkKEhK
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