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[Total Marks: 100]

Note: (i) All questions are compulsory. (ii)Figures to
the right indicate marks for respective parts.
FQ.I Choose correct alternative in each of the following (20)

L.

T+ R? — R? isa linear transformation if Vu,y €V, &, B € R, then

@ | r(au+pv)= al (u)+ pT (v) ®) | T(auv)=aT(u)T (v)
© | T (au + ﬁv) =aTl (u) BT (v) (d) | None of the above
Ans | a
ii. |IfT:U7 — V isa linear transformation then
@ T =0 ®) [T = T@.Vuel
{(c) T(uy — ty) = Tuy) — T(us) (d) | All of these.
,Vu, i, EU
Ans | d

i,

Which of the following is a linear transformation from R? to R%?

(a) | TxyF.y) () [Txy)yx+iy+1)
(© |Tayy&xt+yx-y) (d) | All the above
Ans | ¢
iw. | Let A beam X n matrix then
(a) | Rank A =number of non-zero columns | (b) | Rank A= number of linearly independent
of A rows of A
(¢) | Rank A =number of non-zero rows of [(d) | None of these
A
Ans |b
V. 1 0 0
LetE=(0 3 0} thenE™"is
0 0 1
(a) 1 0 O {b) 10 0
(0 -3 0 0 3 0
00 1 0 0 1/
¢y [/1 0 O (d[/1 0 O
0 13 0 ~1/3 0
0 0 1 0o 0 1
Ans | (c)
vi. | Let A be the matrix with If A is Adjoint(A) then inverse of Alis glven by
(@) | det(A).A () | det(d).4
(€} | A/det(4) @ AA
Ans | (©)

vil.

A m X n non-homogengous system

of linear equations AX = b hasa solution if and only if

(a) Rank A = Rank[Alb] (b) Rank A > Rank[A|b]
(€) Rank A < Rank[A|b] (d) | none of these
Ans | (3)




viii. | Which of the following groups is non-abelian
(@ [V, b) |8,
() 1€y (d) | None of the above
Ans | (b)
ix. | The inverse of i in the multiplicative group {=11,i,~i}is
(a |1 {b) |i
) [ —i (d} | -1
Ans | (¢)
x. | Let O denote the set of odd integers. Then
(@) | O forms a group under the operation of | (b} | O forms a group under the operation of
addition multiplication
(€) | Odoes not forms a group under the (d} | None of the above
operation of addition
Ans | (¢}
Q2. | Attempt any ONE question from the following: (08)
a) |1 State and prove Rank-Nullity Theorem,




=S

Ans

=y E Ly, € ker T

Proof : We have 172 V = W, be « lincar ransformation, ker T ¢ V is a subspace
of V.,
LetdimV = n.dimkerT = r,dimW = m

et B = fupuy oo ) be basis of ker T As ker T is subspace of V, Bis a
linearly independent subset of V and hence cin e extended to a busis of V,

Let By = fujuy, oo D Uy o+ l,) be a basis of V, ohtuined by extension
ol B.

Letw, = T(V,“).Vi = l.'--‘.n—r._

Claim : By = {w), wy, -+ +.w, .} forms a hasis of [, T
Let us prove first. B, is linearty independent
Let iy, o, oo ee 4y~ be scalars such that
QW DWWt Fal W = 0
But Tlugs ) = wy, Tlya) = wayeeo v T} = w0
Tl ) + 8T (U ) # - iy, T, = 0
S Tl y + Bty gt oo 0o ) = 0
n-r
=T E Uy | = 0
i=]

n-r

=
=3b, by, - b scalars.t,

n-r r

Y it = Y, bueeoasBistusisofker T
i< j=1

=>b1ll[+b3|12+""‘+bsur"‘(alur+[+'“"+=ln-ruu) =0
AsBp = fup Uy sy iy )y e o0 ) is lin independent
:’b] = bz = b;= Oﬂﬂd




4 = th = oy =0

t** Wa] i linearly independent - - - - 6

Claim 2 {w), s, -
letwe [T

=3V e Vsuch that T(v) = w.
As B| = {U|, Us,- -

** Wy} spans L(T)

VUM U n Wi, - 0.} is a basis of V.
=3b. by, -+, b, & R such that

Vo= by by et Brttyt by gy o0 e e 4 Byt
As T is linear,
STV =T + - - + DU + Tibys g, Upy o -« - 4+ byut,)
= B Ty) + baT(us) # -+ -+ ¢ bT(u,) + b, + I']l:{ur+ P+ bTu) e
as T is linear |
ST = by T, ) + (IR & (1T DTAP + b, T(u,)
AS U Uy, e v e €€ ker T
STV) = by Wi +br,aWakeenn bWoo v
2DW = bWt bawy e + bw
= WE span fwie oW, )
= Iw e 1,T = we span {w, Wi Wy )
=W W en s Wa-of spans I, T.. .. (1D
= {wy wae <o wo ) forms a basis of ImT -+ - - From (L) and (17)
Sodim (T = n-r
dim (ker T)
dimv = n = dim (I,T) + dim (ker T) = r+n-r.
. Ldim (V) = dim (ker T) + dim (1,T) | |
-;1:;[ n = r+|1—r| ,

~ Rank nullity theorem is verified,

r

Show that the vector space of all polynomials in x of degree less than or equal to n is

isomorphic to R**?




N

o
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Attempt any TWO questions from the following:

(12)

b)

Show that F is non-singular where F : &> — R’ such that
F(x,y,z)=(x+y—2z,x+2y+2z2x+2y—3z).

Ans

Let (x,y,z) e ker T so that
x+y—-2z=0,x+2y+z=0,2x+2y-32z=0




1 1 -2
The matrix corresponding to thissystem | 1 2 1 |whose row reduced form is
2 2 3
0 0
1 0|.Thus x=y=z=0=ker F={0}
¢ 0 1,

Therefore F is non-singular.

If 7 : R* > R*suchthatT (x,y,z)=(x+2y—z,y+zx+ y—2z). Find basis
and the dimension of Ker T.

Ans | Let (x,,z) € ker T so that
x+2y-z=0,y+z=0,x+y-2z=0

1 2 -1
The matrix corresponding to thissystem | 0 1 1 |whose row reduced form is
1 1 -2
1 0 -3
0 1 1 |.Thusputtingz=1¢ wegety=-4andx =3¢
0 0 0O

= ker F = {t ('3,_—1,1) /te R’}. Therefore the basis of ker F'is _(3,._— 1,1) and is

of dimension 1,

lii. | Show that any n-dimensional real vector space is isomorphic to R".

Ans |Let x x,...... x, be a basis of V of dim n. Therefore for
er,x=Zc,._x,. Ve, e R

Thus a LT is defined by 7(x} = (cpum.n... ¢, ) is one-one. 2
Since Dim V =n=dimR" T is onto. Therefore T is invertible. ThereforeV = K",

iv. | P, [R] denote the vector space of all polynomials over R of degree 3 or less an
D(f(x)) = %, ¥ f(x) € P;[RR] denote the differentiation mapping: Let
B= {1, x,_xz,f} be the basis. Find[m(D)]i )

Ans | Dy =0=0v, +0v, +0v, + Oy,
Dv, =1=1y + 0y, + 0v, + Oy, 4
Dv,=2x=0v,+2v, +0v, + Ov,

Dv, =3x =0v, + 0v, + 3y, + 0v,




0 1 0 0
: 5 [0 0 2 0
= [m (D):L3 =
0 ¢ 0 3
0 00 0
Q3. Attempt any ONE question from the. following: (08)
a) |i. Show that elementary row operations do not change the row rank of 4 €

M, (R).

Ans

Ay
LetA € M,(R). LetA = A.z' where 4; is ith row of A
An
Let< 45,43, ..., Ay, ... Ay, > denote the row space of A
B be the marix obtained from A by applying one of the following row operation.

Elementary operation of 1% type:
Let B be the matrix obtained from A by applying row operation R; « R;
Row rank of B = dim < 44, 4,, v Ajy o Ay Ay >

= dim < Al,Az-, ...,Ai, ...,A}'_, Wiy >

= Row rank of A

Elementary operation of 2% type:
Let B be the matrix obtained from A by applying row operation R; o cR;
Row rank of B = dim < Ay, Ay, ..., cA;, ... A, >
= dim < AllAZ_l '"JAI'J A?l >
(v< Ay, Ay, ., 4, Ay >=< A Ay, L A G AR >)
= Row rank of 4

Elementary operation of 3 type:
Let B be the matrix obtained from A4 by applying row operation

Row rank of B = dim < 4,, 4,, ..., 4;, v Aj + Ay Ay >
= dim < Al»AZ: '".’Ai’ ...,Aj, e An >
(‘.‘< A-pAz, ...,Ag, ...,Aj + CA,:, ...An =< A.l,_Az, ...,Ai, ...,Aj, s Aﬂ. >)
= Row rank of A

Elementary row operations do not change the row rank of matrix 4.

Let A*, A> € R? and ¢ € R. Show that
I) det(A?, A%) = 0iff {A", A%} is linearly dependent.
IT) det(A* + cA?, 4%) = det{A?, A2).




Ans [ )

(=)

Given: det(41,42) =0

T.P.T: {4, A%} is linearly dependent.

Suppose {A', A%} is linearly independent
~ {A%, A%} is the basis of RZ
Let E' = o, A* + @,A? and E? = B1Al + B,A2
det(El, EZ) = 'det(a1A1 + (IzAz, ﬂj_Al + ﬁzAz)
= (@182 — azf;)det (41, A%)
= 0. which is a contradiction.

(<)
Given: {A", A%} is linearly dependent.
T.P.T: det(4", 42) = 0

As {A%, A%} is linearly dependent
~LletA =cAlc #0,ce R
det(A®, A%) = det(4?, cA?)
= cdet(41, 47)
=0
1)
det(A! + cA2, A2) = det(4l, 4%) + det(cA?, A%)
= det(A4", A%) + cdet(A2, 42)
= det(A%, 4%)

Q3.

Attempt any TWO questions from the following;

(12)

b)

i 1 -1 2
Define adjoint of a matrix. Find 41 for A= (4 0 6 )
0_ 1 -1

using adjoint.

Ans | For 4,€ M,(R),

Let CU = (_lji“” detAfj
€ = () is called matrix of cofactors
adj(A);= C*t

1 -1 2
Given matrix is 4 = (4 0 6 )
0 1 -1

-6 4 4
Matrix of cofactors is € = 1 -1 —1)
_ —6 2 4
_6 1 —
Adj(A):Ct*—-( 4 -1 2)
4 -1 4

—6 1 -
A" = 2 Adj(a) = i( 4 -1 2)
detd -2 4 -1 4

Let A;; be the matrix obtained from 4 by deleting its ith row and jth column

8




ii.

1 0

Let A= 5 2], find elementary matrices Ei, E; such that EsE;A= I2.
" [ 1 0] BoRetSB 11 () Rk 11 g
-5 2] [0 2] [0 i
1
o aleary 9-p g
0 0 5 Ul-5 2 0 1
1 0
. _f1 0 _ 1
el Y] ]
2
iil. | Let A € My, (R). Show that dimension of the solution space of the system of linear
equations AX = 0 equals n — rank A
Ans | Define a linear transformation
T:R™ -» R™ such that T(X) = AX
~ By rank nullity theorem
n=Rank T +nullity T
~nullity T =n —Rank T...... (1)
Nullity T =Dim Ker T
= Dim{X € R*|T(X) = 0}
= Dim{{X € R*"|AX = 0}
=Dim of solution space of the system (4X = 0).....(2)
From (1) and (2)
Dim of solution space of the system (AX = 0) = n —Rank T
iv. | Bolve the following system of linear equations using Cramer’s rule:
X+y+z=6, 2x—~y+z=3, dx—y~z=-1
Ans | x+y+2=6,2x—y+z=73, 4x—y—z = —1The corresponding non-

homogeneous system is
1 1 1\, 6
(2 -1 1)(}’)=( 3)
4 -1 -1/ \z -1
6 1 1
det( 3 -1 1)
-1 -1 -1/ _10

x= 1 1 1\ 10
det(Z -1 1)
4 -1 -1

=1




/0

1 G 1
det{ 2 3 1 )
_ 4 —1 ~1/ _20_
Y= 1~ 1 1\ 7192
det|2 —1 1
4 -1 -1
1 1 6
det|2 -1 3 30
— 4 -1 -1 _2v _
T 1y o s 3
det(z -1 1)
4 -1 -1/

Attempt any ONE question from the following;

(08)

Define Group. For any positive integer n, Prove that Zy, the set of residue classes modulo

nis a group under addition modulo n.

Ans | Definition of Group
For any positive integer n, we have Z,, = ,1,2,..,7=1).
Closure property:
Let 4,b €7,
By division algorithm, there exist unique integers q and » such that g + b = ng +r
where 0 <r < 5.
ca+tb=FeZ,
Associative law: Since addition is associative for real numbers,
Associative law holds for Z,,
Prove Identity: e = 0
Prove Inverse: =14 is the inverse of &
ik Define a subgroup of a group? Show that a nonempty subset H of G isa
subgroup of a group 6 if and only if ab~! € H,va,b ¢ H.
Ans | A subset Hofa group Gis a subgroup of ¢ ifand only if His itself a group under the

group operation of G.
(=) Let H be a subgroup of G and H be a non-empty subset of G.

Leta,b € Hthenb™* € H (~H isa subgroup of G~H is a group. - every element of
H has an inverse in H)

Nowwa,b™ ' €H ab' € H(+Hisa subgroup of G +H is a group. ~H is closed

10




under multiplication)

(S)Letab ™ € H,Va,b € H.

Now vH # ¢..leta € H. »e = aa™ € H. ~H has multiplicative identity.

Nexta € H=> (v e€ Hla'=eal€H. - every element of H has an inverse in
H

Alsonow,a,b e H = a,b™ € H= ab = a(b~)~! € H. ~H is closed under

multiplication.

~H is a subgroup of G.

Q4.

Atempt any TWQ questions from the following:

(12)

I )

L.

In any group show that:
(p) the identity element is unique and
() the inverse of every element is unique.

Ans

(p) Let G be a group. Suppose that e and e, are both identity elements of G then to

prove thate = e;.

Now, ee; = e, (* e is the identity element of G)

Also, ee; = e (= e,is the identity element of ¢)

Thus, e = e, as required.

(q) Let x € G, then +G is a group ~x has an inverse.

Now t.p.t. the inverse of x is unique,

Le. t.p.t. if y and 'y, are inverses of xthen y = y,.

* multiplication is associative in G, ~y(xy,) = (yx)y,
Now, * y,is the inverse of x. . LHS = y(xy,) = ye = y.

#ly, = y is the inverse of x. . RHS = (yx)y, = ey, = 1.

- y = yjas required,

3

Construct composition table of ¢ = {5,10,15, Z0} under multiplication modulo 40 and

find order of all its elements.

Ans

¢ ={5,15,25,35}

gl B Gl o X
Bl ol & 8l o
i I
i I
b N

25 is the identity. - 0(25) = 1
52=25 so(5)=2
152=25 ~o{15) =2
352=25 -o0(35)=2

—_— o

11




iii. | Ina group G prove the following:
(p) If (ab)? = a?b?, Va, b € G then G is abelian,
(9) If G is abelian then (ab)™ = a™b™ vn € N.

Ans | (p) Ya,b € G, (ab)? = a’b?=(ab)(ah) = {(aa)(bb)=alba)b =
a(ab)b=(ba)b = (ab)b, by LCL=ba = ab, by RCL.

~G is abelian.

(q) We prove the result by induction on n. 2
n=1:(ab)! = ab = a'b? is true.

Assume by i.h. the result for n = k, then to prve the same forn = k + 1.

We have,(ab)*! = (ab)*(ab) = a*b*ab =  akab¥h = gkripk+i
by ih +G is abelian.

This completes the induction step and the proof.

4

iv. | Let G be a group and a € G. Prove that N (@) ={x € G:ax = xa} is a subgroup of G.

Ans | Let e be the identity of group G and a € G.
Since ae = ea,e € N(a). 1
Hence, N(a) is a non-empty subset of G.
Consider any x,y € N(a) ~ ax = xa and ay = ya
Note ay™ = (y ly)ay~!l = y ya)y !
=y Hay)y ' =y lalyy D=y la

©alxy™) = (ax)y~! = (xa)y™? _

=x(ay N =x(a) = (xy Na - xy~! € N(a) 2
HenceN(a) = {x € G:iax = xa} isa subgroup of G

ha —

Q5. | Attempt any FOUR questions from the following: (20)
@) | Prove that if 7: ¥ — V" is a linear transformation then 7'is injective if and only if ker 7= {03}.
Ans Proof: Suppose T is injective and x € ker T. |
Then Tx = 0. However To = 0. . Tx = To forcing x to be o, Thus 1
ker T = {o}.
Conversely, suppose ker T = {o}.
If Tx = Ty, then since T is Lt. we have T-9)=Tx-~ Ty.= o, imply 2
thatx-yeker T, ' Pying ,
X-y=oorx=y.
This proves that T is injective.

- )

Check whether the following linear transformation is an isomorphism

T:R —>R’3,T(x,y,z)=(x+y,x—z,y+2z)

Ans

1

Let (x,y,z) € ker T so that
x+y=0,x-2=0,y+2z=0

12




‘1 1 0
The matrix corresponding to this system | 1 0 —1 |whose row reduced form is
01 2

ft 0 0
0 1 0] Thuswegetz =0y =0,andx = 0=> ker F = {0}. And dim V = dim W.
0 0 1

Therefore T'is an isomorphism.

€)

1 2 0
Define Rank of the Matrix. Find Rank of the matrix (3 1 1)
1 -3 1

Ans

Rank A= Dimension of row space of A
= number of linearly independent rows of 4
= Dimension of column space of A
= number of linearly independent columns.of A

Observe that R; = R, — 2R,
~number of linearly independent rows of A =2
Rank A=2.

d)

Ans

For A, B € M, (R), if A is invertible show that
D det(A™1) = (detA)1

ID) det(ABA™1) =detB

| 1IT) det(A*B*) = detA .detB

We know that

AA™ =]
~det AA™Y =det |
~detA detd™ =1
. detA™! = (detd) ™!

detABA™Y = detA.detB. detA™!
= detA. detB. (detd)™?
= detB

detA'Bt = detAldet Bt
= detA.detB

List all elements of I/ (15) and find their orders.

Ans

U(15) = {1,2,4,7,8,11,13,14} and
o(1) =1; 0(@) = o(A1) = 0(AD) = 2; 0(2) = 0(8) = 0(7) = 0(13) = 4.

!

Let G be an abelian group then show that H = { g%/g € G } is a subgroup of G.

13




Ans

Since e = e € H, H is a non-empty subset of G.

Considerany x,y € H.~ x = g2 and y = h2 for some g.heG.

Then xy ™" = g2(h?)™1 = g%(A~1)2 = ggn~1p1
= gh™lgh™ ... since G is abelian

= (gh™)? where gh™1 € ¢ since G is a group.
~xy~' € H Hence, H is a subgroup of .

Fkkdk
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